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The area preserving curve shortening fiow 
with Neumann free boundary conditions 

Elena Mader-Baumdicker 


We study the area preserving curve shortening flow with Neumann free bound¬ 
ary conditions outside of a convex domain in the Euclidean plane. Under certain 
conditions on the initial curve the flow does not develop any singularity, and it sub¬ 
converges smoothly to an arc of a circle sitting outside of the given fixed domain 
and enclosing the same area as the initial curve. 


1. Introduction 


For a family of simple closed plane curves y = y : x [0, T) —> Gage introduced in ITSl 

the area preserving curve shortening flow as 


dy 

Yt 



( 1 ) 


where y(-, t) is the normal of the curve y(-, t) and k{-, t) is its curvature with respect to v(-, t). The 

length of y(-, t) is denoted by L and d^ denotes integration by arclength. The term =: k 
is the average of the curvature. For simple closed curves k = ^ holds. Gage pointed out that 
this evolution equation arises as the “L^-gradient flow” of the length functional under the con¬ 
stant enclosed area constraint. The term k is the suitable Fagrange parameter for this variational 
problem. Gage proved that a strictly convex simple closed curve which evolves according to ([T]l 
remains strictly convex and converges to a circle in the C°° metric as t —> cxj, see ifTSl Theo¬ 
rem 4.1]. Note that there is a connection to another problem in geometric analysis, namely the 
isoperimetric problem in R^, i.e. finding the shortest curve under all closed curves that enclose 
a certain fixed area. The area preserving curve shortening flow deforms a given convex, simple 
closed curve with enclosed area Aq to the solution of the isoperimetric problem in R^: the cir¬ 
cle with enclosed area Aq. The same result was proven by Huisken in GOl for n > 2. In this 
case, the evolution equation is as follows: Fet M” be a compact n-dimensional manifold without 
boundary and Fq : M” —> R”'*'^ a smooth immersion. A family F : M” x [0, T) —> R”'*’' with 
T > 0 is a solution to the volume preserving mean curvature flow if it is a smooth family of 
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smooth immersions satisfying 

^F{p, t) = -{H{p, t) - h{t))v{p, t) for {p, [0, T), 

at 

F{p, t) = Foip) for peM’^, 

where // denotes the mean curvature, v the outer unit normal and h{t) := average 

Jm" ^P' 

of the mean curvature. Note that /j is a global term in the equation. Thus, the analysis of this 
problem is not only a matter of local estimates but also of global considerations. 

We are interested in considering the flow equation ([ill for curves with boundary. In Il30l (see 
also lISTlI^ l. Stahl considered the mean curvature flow with Neumann free boundary conditions 
on an arbitrary support surface E: Let S be a smooth, embedded hypersurface in R”'*'' without 
boundary, called support surface. Consider M", a smooth n-dimensional compact, orientable 
manifold with smooth boundary, and Fq : M” —> R”’’’', a smooth immersion, such that with the 
notation Mq := Fq{M'^), 


dMo := FoidM") = MonI, 

(vo(p), ^y{Fo{p))) ^0 Vp € dM", 

where : E c R”'*'^ — > S” is a unit normal to E. Then Mq is called initial surface. Now let 
F : M" X [0, T) —> R”'*'' be a smooth family of smooth immersions which are evolving under 
the mean curvature flow with Neumann free boundary conditions, i.e. 


—(p, t) = -Hip, t)vip, t) V(p, 0 € M" X (0, T), (2) 

ot 

Fip,0) = Foip) Wp€M\ (3) 

Fip, 0 e E V(p, t) e dM^ x [0, T), (4) 

(y(p, t),^Wp, 0)> - 0 V(p, t) e dM" x [0, T). (5) 


Under the assumption that E is mean convex, i.e. > 0, with respect to the outwarcfl unit 
normal, Stahl showed that an embedded initial surfaces stays embedded under the flow. If E 
is umbilic and the surfaces touch E from inside (if E is not a hyperplane but a sphere), then 
also convexity and a pinching condition is preserved. In the end, an embedded strictly convex 
hypersurface shrinks to a single point on E (t ^ T < oo), where the singularity at time T 
is of type I. After rescaling, a sequence of hypersurfaces converges in the C°°-topology to a 
hemisphere with boundary in a hyperplane, see lISTl Theorem 1.3]. Regarding curves, he proved: 
If E = dG, where G c R^ is a convex domain, consider a convex embedded initial curve Mq c G 
evolving according to ([2ll to dS]), then the curves converge to a single point on E as t ^ T < oo 
(see lOTl Proposition 1.4]). 

As in the context without boundary, it is interesting to consider the situation of the volume 
preserving mean curvature flow, but now with Neumann free boundary conditions. Athanasse- 
nas studied in [J] and Q the situation of rotationally symmetric surfaces between two parallel 

'In the work of Stahl, “outward” denotes “outward relative to a solution M,”. This means: if E is the boundary of 
a smooth hounded domain G and M, touches E from inside, then the outward unit normal of E is the “usual” 
outer unit normal pointing in the outer domain with respect to the domain G. 
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hyperplanes and with boundary in this hyperplane intersecting these hyperplanes orthogonally 
at the boundary. No convexity condition is assumed. In the first paper, Athanassenas considered 
initial surfaces satisfying \Mq\ < where V is the enclosed volume of Mq and d is the distance 
between the hypersurfaces. She showed longtime existence up to infinity and convergence to 
a cylinder which is orthogonal to the two hyperplanes and which encloses the volume V. In 
Q, Athanassenas showed that in general the flow develops singularities. She proved fhis in 
fhe same selling as above bul wilhoul any condifion concerning Ihe area of Mq. Bui Ihe singu¬ 
lar sel is finile and discrete, and if is localed along Ihe axis of rolalion. If Mq is mean convex 
Ihen all singularities are of fype I. In 14], Alhanassenas and Kandanaarachchi considered rofa- 
fionally symmelric surfaces wilh boundary in one hyperplane and intersecting fhe hyperplane 
orthogonally al fhe boundary. Under a certain lower heighl bound Ihey proved lhal fhe flow does 
nol develop singularifies and if converges lo a half-sphere. The resulls of Alhanassenas were 
generalized by Cabezas-Rivas and Miquel fo surfaces of revolulion in a rofalionally symmelric 
ambienl space, see l|8l|9l. 

In fhis arlicle, we consider fhe volume preserving equation ([Til and fhe boundary condifion as 
in fhe papers of Sfahl, namely (l3]l fo (Q, bul for curves. We focus on fhe case of a convex inifial 
curve meeting fhe convex supporl curve from fhe oulside. In fhe classical mean curvalure flow 
(volume preserving or nol) for closed surfaces, many proofs for surfaces cannof be done for fhe 
case of curves. Some resulls of fhis arlicle can be Iransfered lo fhe case of surfaces, bul some 
nol. 

In Section |2l we inlroduce some nolalion and explain Ihe selling in delail. Afterwards we 
show basic properties like preserving of convexity and preserving of Ihe oriented enclosed area. 
Mosl of Ihis section can be found in Ihe Diplom Ihesis of Achim RolhH, see |[34l . We presenl in 
Section |3] some more resulls of 041 . in particular an L°°-bound on Ihe average of Ihe curvalure 
K under Ihe following conditions: The initial curve is slriclly convex, has no self-intersection, il 
is completely conlained in Ihe outer domain created by Ihe supporl curve and il satisfies L{cq) < 
min{|x-y| : x,y e E, ^f{x) - -^T(y)). In Section|4j we prove lhal Ihere are no type I singularities 
in finite time under Ihe conditions lhal Ihe initial curve is convex and Ihe flow satisfies |k| < C 2 < 
oo and L(Cf) > ci > 0 uniformly in time. Section |5]conlains Ihe proof lhal an initial curve wilh 
Ihe properties of Section|3]slays embedded if Ihe flow satisfies f zeds < zr+^. Furlhermore, if Ihe 
initial curve is shorl enough Ihen Ihe curve c(-, t) and Ihe line segmenl from c(a, t) lo c{b, t) Irace 
oul a convex domain. Singularities of type II are sludied in Section 0 We describe conditions 
on Ihe initial curve which have Ihe effecl lhal Ihe corresponding flow does nol develop any 
singularity. The initial curve is assumed lo satisfy Ihe conditions of Section [5l bul additionally, 
il has lo be shorter lhan a conslanl which depends on Ihe ’’isoperimelric quotienl“ of Ihe 
initial curve (Aq denotes Ihe enclosed area al time t = 0). Finally, in Section |7] we firsl show 
integral estimates and Ihen our main resull: 


^Formerly known as Achim Windel. 
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Theorem 1.1. Let c : [a, b] x [0, T) be a solution of the area preserving curve shortening 
problem with Neumann free boundary conditions outside of a convex support curve X. Let the 
initial curve cq satisfy the following four conditions: 

i) The curvature kq is positive on [a, b], 

a) the curve cq has no self-intersection, 

Hi) it is contained in the outer domain created by E 

iv) and it satisfies Lq < C, where C := — arcsin (^). 

Then the flow does not develop a singularity, consequently T = oo. Furthermore, for every 
sequence tj oo the curves c{-,tj) subconverge (after reparametrization) smoothly to an em¬ 
bedded arc of a circle yoo with J Koo dsy^ = ip, ip ^ [n, In). The two boundary points of this arc 
lie on E, the arc is perpendicular to E at these points, and the curve is outside of the convex 
domain created by E. The curve joo encloses (with a part ofl,) the area Aq. 

We collect some useful calculations in the appendix. All the results presented here are part of 
the authors thesis Il25ll which was written under the supervision of Prof. Kuwert in Freiburg. 
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regio 71, and I would like to express my thanks to the DFC for that. 

2. Notations and basic properties 

Notations In this article we deal with regular, planar curves / : {a, b] —>1.^. The two properties 
“regular” and “planar” will not be mentioned anymore. The curves are at least piecewise C^’“. 

Therefore, the curvature is K{p) = {dlf{p), v(p)) = where the curve is smooth. Here, 

ds = \^\dp denotes the derivative with respect to arclength, and y = /r is the normal of the 
curve, where r = dsf denotes the tangent and J the rotation by -i-|. 

Definition 2.1. 'We call a smooth, convex, simple and smoothly closed curve ^f : \^a, ^b] —> K.^ 
that is parametrized by arclength a support curve. We orientate the curve positively such that 
> 0 follows. We use the notation E ^f^\^a,^bfj. The bounded, “inner” domain that is 
created by E is denoted by G^. 

Definition 2.2. A smooth curve cq : [a, b] —> K.^ is called initial curve if it satisfies the conditions 
co(a), coib) e E, Zr 2 (toC^), ^T(co(a))) = ^, Zr 2 (to(^), ^t(co(^))) ^ 
where tq : [a, Z?] —> S' c is the tangent of cq and is defined through 
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and is the tangent of 11. The symbol Zr2 (v, w) denotes the oriented angle between two vectors 
V and w in 

Definition 2.3. Let cq : [a, b] —> be an initial curve. A smooth family of smooth, regular 

curves c : \a, b^ x [0, T) —> R^ that satisfies 


dc 

—{p, t) = {k{p, t) - K{t))v{p, t) 

V(p,t) € {a,b^ X [0,r), 

c{p, 0) ^ co(p) 

dp € [a,bf 

c{a, t), c{b, t) €1, 

dt € [0, T), 

Zr2 (T(a,0,^T(c(a,0)) = ^ 

dt € [0, T), 

Zr 2 {T{b,t),^f{c{b,t))) = -^ 

dt € [0, T) 


is called a solution of the area preserving curve shortening problem with Neumann free boundary 
conditions, shortly called a solution of Here, k denotes the average of the curvature, K{t) := 

^ —, where ds \dpC{-,t)\dp. 

I 

Remark Since the angles at the end points are oriented we defined the “outer” case of the area 
preserving curve shortening problem with Neumann free boundary conditions, that is, the curves 
c(-, t) start into R^ \ and meet Z again from the outside. Away from the end points the curves 
are allowed to intersect Z and can therefore be inside of G^. 

Proposition 2.4. The area preserving curve shortening problem with Neumann free boundary 
conditions has a unique solution on a maximal time interval [0, T). It has regularity 

c e c2+“d+f b] X [0, T), R^) n C“ [{a, b] x (0, T), R^) 
for any a e (0, ifl IfT < oo, we have maxfa^^] |a:|(-, t) ^ <xj (t ^ T). 

Proof. The proof works as in ll^ Theorem 7.24], where the case of curves moving by ® 
but without the k-term is treated. Stahl first shows in Il30l Chapter 2] short time existence by 
writing the curves as a graph over the initial curve for a short time, where the scalar function in 
the graph representation satisfies a certain parabolic Neumann equation. We only have to add 
the corresponding term of kv into this equation. Stahl then proved in |[30l Chapter 7] gradient 
estimates on the local graph representation under the condition that the curvature is uniformly 
bounded. Under this uniform bound, the term k is bounded and it is a uniform Lipschitz term 
and therefore harmless in these considerations. By standard parabolic theory, we hence get for 
every k € N (away from to - 0) -estimates for the local graph representation which is 

need in the proof of max[a;,] |/c|(-, t) —> oo, t ^ r < oo. In Il25l Chapter 5] we study in detail, 
how the estimates of Stahl are reproven for our situation. The rest of the proof is done as in |[30l 
Theorem 7.24]. □ 

3(^2+a,i+f denotes the usual parabolic Holder spaces. 
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Remark All the results from the following lemma untill Theorem B.lOl are based on the Diplom 
thesis 1341 of Achim Roth. We sometimes changed his proofs slightly and we rearranged his 
results for our purpose. 


Lemma 2.5 (Evolution equations). Let c : [a, (?] x [0, T) 
follows that 

— > be a solution of @. 

Then it 

dti ds) = —k{k — k) ds 

for t > 0, 

(V) 

dtds - dsdt = k{k - k) ds 

for t > 0, 

(8) 

> 

II 

for t > 0, 

(9) 

dfV - -dsK T 

for t > 0, 

(10) 

dfK = d^sX + ~ ii’) 

for t > 0. 

(11) 

Proof. This is an easy calculation, see for example ifT^ Lemma 2.1]. 

□ 


Lemma 2.6. The area preserving curve shortening flow shortens the length of the curves, we 
have jiLict) <0 Vt € [0, T). 

Proof. We use (|7]l and (a: - /i) d^ = 0 to get 




k{k - K)ds = - 



(k - Kf d5 < 0 


Vt € [0, T). 


□ 


Definition 2.7. Let 'Lbe a support curve and let f : [a, b] 9? be a curve with f{a), f{b) e Z. 

Then we call a curve y : [d, ^] —> Z c with y{a) - f{a) and y{b) = f{b) a boundary curve on 

Z with respect to /. 

Lemma 2.8. Let ^/ : R ^ Z the periodic extension of^f. Define 
ao ■■= ^f~\c{a,0)), 

_ ( ^f~\c{b,0)) if^f~\cib,0)) > ao 

• 1 ^f-\c(b,0)) + {H - ^a) if^f-\c{b,0)) < ao. 

Then there exist unique maps 

a : [0, r) —> R with a(0) = ao and ^f{a{t)) - c{a, t) Vt e [0, T), 

Z? : [0, r) —> R with b{0) - bo and ^f{b{t)) - c{b, t) Vt e [0, T). 

The maps a and b are continuously differentiable on [0, T) and smooth on (0, T). 

Proof. Choose any e € (0, T). We consider the paths c(a, Olto.r-e] and c{b,-)\[oj-e] in Z. We 
have ^/(flo) = c(a, 0) e Z and ^f{bo) = c{b,0) € Z. By iHTl Chapter 5.6, Proposition 2], we get 
unique lifts 

: [0, r - e] ^ R with ae(0) = ao and ^f o a^ - c(a, Olio.r-e], 

: [0, r - e] ^ R with bf;{0) - bo and ^f o b^ - c{b, •)l[ 0 , 7 ’- 6 ]- 
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The map a{t) a^{t) 'it e [0, T - e] Ve € (0, T) is well-defined because of the uniqueness of 
the lift. The same can be done with b. The differentiability follows because c(a, •) and c{b, •) are 
continuously differentiable in zero and smooth on (0, T - e]. □ 

Lemma 2.9 (Existence of boundary curves). The family of curves y : [0,1] x [0, T) E, defined 
as 


yip, t) := ^fm) - a{t))p + a{t)) 'i{p, t) e [0,1] x [0, T), 

is a family of smooth boundary curves ft y{-, t) on E with respect to Cf With respect to t, they 
are continuously differentiable in t - 0 and smooth for t > 0. They start at the points c{a,t), 
follow the support curve E and reach the points c{b, t). If aft) < bft) then y has the same positive 
orientation as ^f. If aft) = bft), then y{p, t) = cfa, t) - cfb, t)'ip € [0,1]. 

Proof The smoothness comes from the smoothness of and c. In the case aft) = bft), the 
curve ft = ^f o aft) = ^f o bft) - cfb, t) - cfa, t) is clearly not regular. But in this case we have 
cfa, t) = cfb, t), what means that Ct is closed. □ 

Definition 2.10. Let c : [a, b) x [0, T) ^ be a solution ofm- Consider a -family of 
smooth curves y : \d, b] x [0, T) —> E with yfd, t) - c(a, t) and yfb, t) = cfb, t)for all t € [0, T), 
i.e. yt '.= yf, t) is a boundary curve on E with respect to Ct '.= cf, t). Then for each t e [0, T), we 
call the following expression the oriented area enclosed by c, and E: 

Mct, 7 t) ■= ^ dp^ - p^ dp^ - ^ J p^dp^-p'^dpK (12) 

Remark Let Ct-yt be the assembled curve of c, and -y, (the orientation of yt is inverted). Then 
Ct - yt is immersed closed and the formula indicates the oriented area traced out by Ct - yt- It 
takes account of the orientation and how often the pieces of areas are circulated. 


Lemma 2.11. The area preserving curve shortening flow preserves the oriented area enclosed 
by Ct and E. More precisely, 

■^Afct, yt) = - f {dtCt, v)ds = 0 Vr € [0, T) 
dt Ja 

and therefore Afct, yf = A(co, yo) Aofor all t e [0, T). 

Proof An easy calculation shows 


A{ct, yt) ^ 


1 1 


VyfdSy,, 


(13) 


where Vy, denotes the normal of y, and d^y, \dpy{p, 01 dp. We use this to get 


d If* If* 

-^A(Cf, yt) = -- j {dtCt, JdpCt) + {ct, Jdpdtcf dp-h - j {dtyt, Jdpyf ■+ {yt, Jdpdtyf dp. 
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Some calculations show 


d 1 

—A(c,, yf) = - J (dtCt, JdpCt) - - j dp(ct, JdtCt) dp 

+ f {dtyt, Jdpjt) + I [ dpijt, Jdtjt) dp. 

Ja ^ Ja 

The boundary terms vanish because the curve Ct - jt is closed. Moreover, we have y{p, t) e X 
for all {p, t) in [5, b\ x [0, T). Hence dty{p, t), dpy{p, t) e Ty(^pj)'L for all {p, t) in [d, b] x [0, T). It 
follows that {dpyt, Jdtyt) = 0 on [d, b] x [0, T), which implies the result. □ 

Lemma 2.12. Let c : \a, x [0, T) —> a solution o/®. Then for all t e (0, T), we have 

dsK{a, t) = {K{a, t) - K{t)) (^/“'(c(a, t))) and 

d,K{b, t) = - {K{b, t) - K{t)) t))j. 

Proof. We consider the vector fields 

o : I ^ r 2 and := ^y o ^f-^ : I ^ R^. 

They are smooth on the smooth curve S. Therefore, we extend them locally smoothly on an 
open subset of R^ so that we can differentiate them. We use the boundary condition 

(y(p, t), ^v(c{p, t))} = 0 for f € [0, T), p = a or p = b, 

the evolution equation (fTOl) and the equation dfC = (k- Jc)v to get forp = aorp = b 

0 = dt{v,^v o c) = -dsK{T,^v o c) + {k - o c ■ v), t e {0,T). (14) 

The boundary conditions of our problem can be described as T{a, t) - -^y(c(a, t)) and T{b, t) - 
^y(c(f7, t)). We use this in (fTdl) and get for example m p = a 

0 = dsK + {k- K)l^f o c, (D^v) o c - ^fo c). 

The expression {^fo c, o c • o c) at (a, t) is actually -^k at ^f^^{c{a, t)) because we have 

5/y> = -(^T, (D^y) o . \). 

The result forp = b follows analogously. □ 

Proposition 2.13. Let c : [a, b] x [0, T) 'E? be a solution o/@, where the initial curve 
satisfies kq > 0 on [a, b\ Then the curves c satisfy k >0 on [a, b] x [0, T). 

Proof. We choose an arbitrary T' e (0, T) and define D '.= (a, b) x (0, T'). For d > 0 consider 
fhe function 


f{p, t) := K{p, t) + 6e“\ {p, t) e [a, f?] x [0, T), 


where a > 0 is chosen such that a > max[a ^,]x[o,r'] - ii)l- Clearly /(•, 0) > 0. We show that 

/ > 0 is true in all of [a, b\ x [0, T'). Else, there must be a first time to ^ (0, T') where / reaches 
zero. That means, there must be a point po e [a, b] such that f{po, to) = 0 and f{p, t) > 0 for 
{p, t) € [a, b] X [0, to). Now, we consider the differential operator defined as 

Lu d^u + k{k - k)u - dfU 

1 .2 , / 1 . 1 
\dpcr^^\\dpcr\dpc\ 

for u e C^’^(D). This operator is parabolic and if has bounded coefRcienfs. 

There are fwo cases. The firsf case is po ^ b). By fhe evolution equafion of fhe curvafure 

GD, we gef in D 

Lf = Lk + k{k - K)6e"^ - aSe"* 

= {k{k - k) - a) < 0, 

where we used fhe definition of a in fhe lasf sfep. For fhis sifuafion, 

fiPo, to) = 0, {po, to) e D, 

L/ < 0 in (a, b) x (0, to], 

/ > Oin ia,b) x (0,to], 

we can use fhe sfrong maximum principle to gef / = 0 in {a,b) x (0, to], see l[T4l Chapter 2, 
Thm. 5]. It follows that k = -5e“' < 0 on \a,b) x [0, to], a contradiction to ko > 0. Therefore, 
we have to be in the second case: po ^ b]. We set a ball B with small radius tangentially at 

(a, to) such that B <z D. For the situation 

/(a, to) = 0, 

L/ < 0 in D, 

/ > Oin {a,b) x (0,to], 

we use the parabolic Hopf lemma, see Il28l Chapter 3, Theorem 7] and get 

df 

—{a, to) < 0, 
ovb 

where vb = (-1,0) is the outer unit normal to dB in (a, to). It follows that dsf{a, to) > 0. But by 
Femma l2.12l we have 

dsf{a, to) = dsK{a, to) = (/r(a, to) - ^(to)) to))) < 0, 

where we used K{a, to) = and K{p, to) > on (a, b). This is a contradiction. The 

argumention for b follows analogously. Hence we have shown / = K + 6e°’ > 0 in [a, b] x [0, T'). 
Since > 0 and T' e (0, T) were arbitrary, the result follows. □ 

Corollary 2.14. Let c : \a,b) x [0, T) be a solution o/@, where the initial curve satisfies 
Ko >0 on [a, b]. Then the curves c satisfy k > 0 on [a, b] X (0, T). 


j dpU + k{k - k)u - dfU 
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Proof. We slightly vary the proof of Proposition 12.131 The notation is the same as in that proof. 
We assume that there is a time to £ (0, T') where k vanishes, i.e. k{pq, tf) = 0 for a po ^ 
(notice that we have used Proposition 12.13I) . 

We first consider the case po ^ b). The evolution equation (fTTI) yields L/r = 0 in D. By the 

strong parabolic maximum principle lfT4l Chapter 2, Thm. 5], we get /r = 0 in {a,b) x (0, to]- 
Continuity implies /co = 0 on But this yields a contradiction because of the boundary 

conditions of the initial curve and the convexity of the domain traced out by X. Hence there are 
no “inner points" in D with k = 0. 

The case po e {a, b} is again treated with the parabolic Hopf lemma, see Chapter 3, Theo¬ 
rem 7]. Set a small ball in D tangentially at {a, tf) and get 

Sk 

—{a, to) < 0, 
ov 

where v = (-1,0) is the outer unit normal to dB in (a, to). This yields dsK{a, to) > 0, which is a 
contradiction to 


dsKia, to) = {K{a, to) - K{to)) Vc(a, to))) < 0 

cf. Lemma 12.121 The result in the case po = b follows analogously. □ 


3. A bound on the average of the curvature 

Proposition 3.1. Let c : [a, b) x [0, T) be a solution o/(@, where the initial curve satisfies 

pb 

Ko > 0 on [a,b\ Then we have J Kds > n for all t e [0, T). If there is a time to e [0, T) with 

pb 

c(a,to) = c{b,to)< then Kdsli=to > 

Proof. We prove the statements under the condition ko > 0. Choose t € [0, T). By Corollarv l2.14l 
the curvature is positive: /c > 0 on \a,b) x [0, T). W.l.o.g., we have 


c{a, t) = 0 € X and 


c{b, t) - c{a, t) 
\c{b, t) - c{a, t)\ 


-ei. 


We also assume c(a, t) c{b, t) and treat the other case afterwards. Since we only consider the 
curve at a fixed time, we leave out the time dependence in the notation in the following. Because 
of the convexity and the positive orientation of X, we have 


<V(P) - V(Po),^v(po)> > 0 for p,po e fa,^]. 


We use this to get {c{b) - c(a), ^v{c{a))) > 0 and thus 

{^f{c{a)),e 2 } > 0 and (^T(c(f7)), ei) ^ 0 respectively. 


The boundary conditions imply 


(T{a),ei) > 0 and (T{b),ei) > 0. 
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In addition with ic{a) > 0 and K{b) > 0, this yields the following statements: 

If T{a) 62 then there is a d > 0 such that c{{a, a + d)) c {x e >0), 

If T(b) -62 then there is a d > 0 such that c((d - d, b)) c {x € R^ : < c^{b)]. 

As the function c* is continuous and \a, d] is compact we get two points p\,p 2 e [a, b] such that 

c\pi) = inf{c^(p) : p € [a,b]} andc\p 2 ) - sup{c^(p) : p e [a,b]\. 

Therefore, we have c^(pi) < c^{b) < c^{a) < c^{p 2 )- It follows that pi t a, p 2 t b and pi + p 2 . 
From (fTSl) we obtain 


if Pi = b then T{b) - -62 and if p2 - then T(a) = 62- 


In general, the situation is similar. We get 


dpc\p\) = lim 
h\0 


c\pi +h)- c\pi) 

h 


> 0 and dpC^(pi) = lim 

h\0 


c\p\)-c\pi -h) 
h 


<0 


and therefore T^(pi) = 0. Thus, we have T{p\) || 62 (and t(p 2 ) II ^2 respectively). We specify 
this to 


t(pi) = -62 and t(p 2 ) ^ ^ 2 - (16) 

Assume v(pi) = - 6 \. We have 0 < K{pi)\dpc{p\)\^ = (5pC(pi), v(pi)> = -5pc'(pi). It follows 
that dpC^(pi) < 0. We have seen dpC^ipi) - T^{p\)\dpc{pi)\ = 0, thus the function has a local 
maximum at pi. Near pi, we then have < c^(pi), but this is a contradiction to the definition 
of pi. We have shown v(pi) = 6\ and hence t(pi) = -62- For p2, the statement follows analo¬ 
gously. 


The geometric situation helps us to compute J/cds. The map t : [< 2 ,d] —> S\ t(p) = dsc{p) 
is continuously differentiable, and by the Frenet equation = kv we get 


SpT = K\dp 


r|y ^ |dpT| ^ K\dpC\ ^ J' |dpT| = J' '^l^pcl ^ 


/cdx. 


Since r is continuous and due to (fT^ the function r must run through at least a half circle which 
has length tt. We have two cases: 

Case Pi < p 2 '- 


n < L\ 
Case P 2 < Pi- 


rP2 rP2 

\ApuP 2\)= \dpT\^P= /^ds< 

^pi ^pi Ja 


|dpT|dp- /rdi < I /cdi {p\ a,p2 + b,K > 0 ). 


TT < l(t|[p2_p,]) ^ r A:d 5 < r /cd^ {p2> a,p\ < b,K > 0 ). 
J p 2 *^Cl 
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The case c{a, to) = c(b, to) is proven similarly. After rotation and translation we have at the 
time to 


c(a) = cib) - 0 , ^t(0 ) = 


By the boundary conditions we immediately get T{a) = e^, tQj) - -62- We repeat the rest of the 

rb 

proof above and get k d5|,=(Q > n- by carefully considering the situation. □ 

Definition 3.2. Let f : \a, b) be a smooth, regular and closed curve. The number 


ind{f) := n{dpf, 0) € Z 


is called the index (or turning number) of f. Here, n{dpf, 0) denotes the winding number of the 
curve dpf : [a, b) with respect toO € R^. 

Theorem 3.3. Let f be a piecewise smooth, regular and closed curve, defined on intervals 
{aj, bj], j - I,... ,k, and with exterior angles aj, j = . ,k. Then 


1 ^ r’L 1 A 


2n ^ Ja 

j=0 


j=o 


Proof See 11231 Theorem 2.1.6]. 


□ 


Theorem 3.4. Let f be a piecewise smooth, regular and simple closed curve with exterior angles 
in (—n,n). Then the index of f is ind{f) = ±1, where the sign depends on the orientation of f. 

Proof See ll23l Theorem 2.2.11 and ifTTl Chapter 5.7. Theorem 21. □ 

Corollary 3.5. Let jt f(-,t) be the boundary curves from Lemma l279l and ^f the periodic 
extension of^f. For all t e [0, T) with a{t) < b{t), we have the formula 


ind{c, - Jt) = 




1 

1 

r* 1 r 

1 Kds - 

j K dsi. F + 

Ja(t) 



1 Kds -1 

L 2;r. 

2 

In . 

Ja 27: Jo 


Ky.dsy, + 2 ’ 


Proof For t e [0, T) with a{t) < b{t), the boundary curves y are regular. It is easy to show that 
the assembled curve Ct - 7 ; is a piecewise smooth, regular, closed curve with exterior angles 
0 !\,a 2 - f. We use Theorem [33] for these curves and get the result. □ 

Theorem 3.6. Let c : {a, b) x [0, T) be a solution o/®, where the initial curve satisfies 

the following three conditions: The curvature kq is positive on {a, b\ the curve cq has no self¬ 
intersection and it is contained in the outer domain created by the convex support curve Z. Then 
it follows that 


i) a(t) < b{t) Vf e [0, T), 


ii) ind{ct - yf) = 1 Vt e [0, T). 
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Proof. The conditions on the initial curve ensure that cq -yo is simple closed, piecewise smooth, 
regular and has exterior angles in (-tt, n). By Theorem l3.4[ the index of cq must be 1 or -1. If it 
was -1, then by Corollary 13.51 



= -'in + 


rm 

f ' 

Ja(0) 


''‘/cdsij:. 


We estimate the last term in the following way: 

-fo(0) 


pow; ra(u, 

I ^kdsEf < I 
Ja{0) Ja(0) 


■a(0)+fb-'^a) 


k d^E ^ = In, 


where we used the definition of a{G),b{G), Theorem 13.41 and the positive orientation of ^/. We 
therefore have /cd^l^ ^ < -n, which contradicts kq > 0. It follows that we are in the case 
ind(co - yo) - 1- We know a(0) < b{0) and assume that there is a time to ^ (0> T) such that 
a(to) - b{tQ) and a{t) < b{t) for t € [0, to). By Corollary 13.51 we have 

\ rb I nb{t) I 

ind(C( -fi) = — ,(ds- — ^kdszf + - Vt e [0, to). 

2n Ja 2n Ja(t) ^ 2 


The left hand side is a number in Z and the right hand side is continuous in t. It follows that 
indfcf - y,) = 1 for all t in [0, to). This is equivalent to 

rb rb(t) 

I Kds = n+ I ^kdi'Ej Vt e [0,to). 

Ja J a(t) 

We use continuity to get /c'd5|^_^^ = n. This is a contradiction to Proposition 13.11 because 
a(to) = b{tQ) implies c{a, to) = c(b, to). The statement of © follows from ©, Corollary 13. 5 l and 
the continuity like above. □ 

Theorem 3.7. Let c : \a, b'\ x [0, T) be a solution o/®, where the initial curve satisfies 

the following four conditions: The curvature kq is positive on [a, b\ the curve co has no self¬ 
intersection, it is contained in the outer domain created by the convex support curve E and it 
satisfies L(co) < ^d, where ^d is defined as 


^d := min{|x - y\ : x,y el,, ^f{x) - -^T(y)}. 

rb 

Then it follows that f Kds < 2n Vt e [0, T). 

Proof We first show 


L(yo) < L(co), (17) 

where yo := y(-,0) is the boundary curve from Lemma IZ9l Let G c R.^ be the outer domain 
created by 1. Since 1 is convex and is injective we have: For every x € G U E there is a unique 
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Px € [^a, ^b) such that \x - '^f{px)\ = dist(;c, Z). We consider the continuously differentiable 
vector field 


X : G U I ^ X{x) ■- -Mpx). 
For each x e G, we choose ^T{px), ^v{px)} as a basis for and set 

X = X^\{px) + X^\{px) 


on a neighbourhood of x. Thus, we obtain 


divX(x) - 


dX^ dX^ 


These terms can be computed in the following way: We set Ax i+dist(pS)^/^(p ) consider 
the smooth curves a\,a 2 '■ [0, e) —> R^ for a small e > 0, 


a\{t) := ^f[px + tJ) - dist(x,I)^v(p;t + 

a2(t) := X + fv{px). 


We have 


ffiCO) = X = a2(0), 

-^ffi(0|,=o = + :^dist(x,^ \{px), 

-^a2(OL=o = 

X{ai{t)) = -\[px + x;t), 

X(a2(t)) = (Px) 


and calculate 

^ (T^KiPxf‘T{Px),^T{Px)) ^ T^k{Px) > 0 , 

= |x^(»2«))U„ = {-^««2«))|,.„,"v(p,)) = 0 . 

This shows divX > 0 in G, what we use for the divergence theorem. By assumptions, the curve 
Co - To is simple closed and traces out a domain U c R^. By ao < we know that cq - To 
bounds U positively. Since -% has the opposite orientation compared to ^/, we have U a G. 
Let vu : dU \ {co(a), co(fr)) —> R^ be the outer normal to U. We then have 


0< f divXd£= f <Wv[/>d*K^ 

Ju JdU 

= I {Xoco,Vu° Co> d^co + ( {Xofo,Vuo yo> d^yo. 
Ja Jo 
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By construction, we have the identity X oy^ = -vu o jq on [0,1]. It follows that 

pb pb 

< I (X O Co, V[/ o co> d^co < I d5co=L(co). 

^0 Ja Ja 

We use (fTTI) to get 

|c(a,0) - ro(p)l < L|yo|[o,p]) ^ '^(ro) <^d Vp € [0,1], 

By definition of ^d, it follows that ^T{c{a, 0)) V;? e [0,1]. By continuity we get 

Zr 2 (^f(c(a, 0)), ^f( 7 o(jP))) e [0,7r) 'ip € [0,1], 

in particular 

Zr 2 (^f(c(a, 0)), ^Ac{b, 0))) € [0, n). (18) 

For t € (0, T), we have 

|c(f7, t) - c(a, t)\ < L{ct) <Lq< ^d. 


It follows that 


^T{c{a, t)) i -^f{c{b, t)), 

which implies by continuity and (fTHT) 

Zr 2 (^T(c(a, t)), ^T{c{b, t))) e [0, n). (19) 

Theorem l3.6l (II]) implies that the curves jt are regular and positively oriented. This yields together 
with the Frenet equation 


Kyj d^y, 


Zr 2 {^f{c{a,t)),^f{y,{p))) - L(^f(y,)|jQp^j = 
for p € [0,1], t e (0, T). By Theorem l3.6l (ln]). Corollary [33] and ([T9]) we have 

I A" d^ = TT + I d^y^ < Itt. 

Ja Jo 


Lemma 3.8. Consider a solution c : [a, b^ x [0, T) —> o/l©. Then we have 

c{p, t) e D := {x € bJ : dist{x, E) < ^1 d{p, t) € {a, b^ x [0, T), 
where Lq denotes the length of the initial curve. 
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Proof. By the boundary conditions c{a, t) e D and c(b, t) e D is trivial. If there is a point 
{p, t) e {a, b) X [0, T) such that dist(c(p, t), E) > -y then 

\c{p, t) - c{a, t)\ > Y and \c{p, t) - c{b, 01 > y- 
This gives a contradiction via 

Lo < \c{p, t) - c{a, 01 + \c{p, t) - c{b, t)\ < L + L (q|[ p j < L{ct) < Lq. 

□ 


Proposition 3.9. Let c : [a, b^ x [0, T) —> "B? be a solution of (Id]), where the initial curve 
Co satisfies the following three conditions: The curvature kq is positive on {a, b\ the curve cq 
has no self-intersection and it is contained in the outer domain created by the convex support 
curve E. Then it follows that 


4Ao 

Lo + IdiamTL 


< L{ct) 


Vt € [0, T), 


where Lq - L{cq) and Ao = A(co, yo)- 


Proof Since the area is preserved and by the formula for the oriented area (fT^I) . we get 

1 f* 1 

Ao ^ A(Cf, fi) = -- j {ct, JdpCt) dp + - J {ft, Jdpft) dp. 

By translation invariance of the oriented area we can assume that the origin 0 e is in G^. 
As ft is positively oriented we have that Vy, is the inner normal of G^. From 0 € Gj; we get 
(ft, Vy,) < 0 on [0,1] for all t e [0, T). This implies 

1 1 1 
Ao < -- J (ct, JdpCt) dp< - j \ct\\JdpCt\= 2 j ^P' 

For any (p, t) € {a, b^ x [0, T) there is an ;r € E such that dist(c(p, t), E) = |c(p, t)-x\. We estimate 
with the previous lemma 

Lq 

|c(p, 01 ^ k(p, 0 - -^1 + kl ^ Y + diamE, 

which yields Ao < 5 (^ + diamE) \dpCt\dp = ^°^^“ L{ct). □ 


Theorem 3.10. Let c : [a, b] x [0, T) E? be a solution of the area preserving curve shortening 
problem with Neumann free boundary conditions, where the initial curve Co satisfies the follow¬ 
ing four conditions: The curvature kq is positive on [a, b], the curve cq has no self-intersection, 
it is contained in the outer domain created by the convex support curve E and Lq < ^d with 
^d := min{|.r - y| : x,y e E, ^f(x) = -^T(y)). Wc then have 


n (Lq + IdiamTdn 

- - Vte[0,r), 

Lo JAq 

where again the notation Lq = L{cq), Aq = A(co, yo) used. 


Proof. The estimate from below is the curve shortening property and Proposition 13. II Combine 
Theorem 13 .7 1 and Proposition [T9] for the other inequality. □ 
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4. Finite type i singuiarities 


Proposition 4.1. Let cq be an initial curve with kq > 0 on [a, b]. Consider the solution c : 
[a, b^ X [0, T) —> of where T < oo and where the curvature is not bounded as t /' T. 
Then we have 

1 1 

max/c^(-,f) ^ - Vf€(0 , r). 

[aM 2{T-t) 

Proof. The proof is similar to the proof of max |Ap(-, t) > 2 {T-t) mean curvature flow of 

compact hypersurfaces in see ll^ Lemma 1.2], but it has to be adapted to the situation 
with boundary. The evolution equation (fTTI) implies for t > 0 

= iKdtK = iKid^K + k^{k- k)) 

= - 2{dsK)^ + 2 k^ - 2k^k 

< d]i? + 2 /, 


using that /<• > 0 in {a, b] x [0, T), see Proposition 12.131 The function is in C' {{a, b^ x (0, T)), 

therefore is locally Lipschitz in (0, T). At a differentiable time t we have 

where p € \a, b] is a point at which the maximum is attained, see ffTTlI . It follows that 


-^VaxCO ^ 


dK^{,p, t) 
dt 


< d]K^{p, t) + 2(Ki^{t)f 


( 20 ) 


where p e [a, b] is a point at which the maximum is attained. We prove d^K^ip, t) < 0. For that, 
we have to consider two cases. If p e (a, b), then d^^K^ip, t) < 0 is immediate since we have 
a maximum in the inner part of [a, ft]. But if p e {a, ft), we only can conclude the following 
inequality for the first derivative: if p = a we have 

d,K^{a,t)<0, (21) 


and if p = ft we have dsK^{b, t) > 0. We treat the situation p = a. As /c > 0, since the maximum 
is attained in a and by the geometric situation we have K{a, f) > 0 (otherwise we would have 
/(• = 0 in all of [a, ft] - and this is not possible). From (|2T1) we then have dsK{a, t) < 0, and by 
Lemma [2.12l we get 

0 > dsK{a, t) = {K{a, t) - 'kfyf' f^^ {c{a, f))) > 0, 

because ^/c > 0 and K{t) < max[aj,] a'(-, t) = K{a,t). It follows that dsK{a,t) = 0 and, of course, 
dgK^ia, t) - 0. Now d^K^ia, t) > 0 would imply the existence of a strict local minimum in {a, t). 
But since there is a maximum in (a, t), we obtain d^K^{a, t) < 0. In the case p - b the same 
argument can be done because in the formula for dgH at the boundary, there is a minus for p = b, 
see Lemma l2.121 We have proven d^K^ip, t) < 0. Together with (1201) . this implies 
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1 


We compute 


< 2 and get for 0 < ti < f 2 < T 


.(fi) 


< 2{t2 - t\) + 


■iih) 


Since k is not bounded as t Z' T, one can find a sequence ti Z T such that K^soSft) —> oo as 
i — > oo. For t e (0, T) we now have < 2{T - t), which yields the result. □ 

^max(0 

Definition 4.2. Let c : [a, b\ x [0, T) —> "B? be a solution of dh]). We say that c develops a 
singularity at 7 < oo ifmaXp(,[aM 0 ^ oofor t Z T. 

Definition 4.3. Let c : [a, b] x [0, T) M? be a solution o/® with singularity at T < oo. 
Then we differentiate between two types of singularities. The singularity is of type I if there is a 
uniform constant cq > 0 such that 


sup K^ip, t) < 

pe[a,b] 


2{T - t) 


Vt e [0, T). 


If there is no such constant then we call the singularity a type II singularity. 

Definition 4.4. Let c : [a, b^ x [0, T) B? be a solution ofm with singularity at T < oo. A 
point xq € K.^ is called blowup point of c, if there is a sequence of points {pj, tj) € [a, b] x [0, T) 
such that 


tj ZT U ^ oo), 

Pj ^ Fo e [a, b] (j oo), 

Qj := \K{pj,tj)\ ^ max \K{p,tj)\ oo (j ^ oo), 
pe[a,b] 

C{pj,tj) Xo (j oo). 

Lemma 4.5. Let c : [a,b] x [0, T) B? be a solution o/® with singularity at T < oo. Then 
there exists a blowup point .vq € D := {.r e : dist(x, E) < 

Proof. The existence is clear by the definition of a singularity and since \a, b) is compact. The 
property xq e D follows from Lemma [T8l □ 

Definition 4.6. Let xq e B? be a blowup point of c with type I singularity at T < oo. The 
following procedure of rescaling of the curves c is called parabolic rescaling.' 

Cjlp, t) -.= Qj |c(p, -^ + T)- x^, for (p, r) € {a, b] X [-Q]T, 0 ). 

The rescaled curves are a family of solutions of the area preserving curve shortening flow with 
Neumann free boundary conditions. 
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Proposition 4.7. Let c : [a, b] x [0, T) be a solution o/® with type I singularity atT < oo. 
Let xo eM? be a blowup point. Assume further L(ct) > ci > 0 and |^(f)| < C 2 < oo, where c\ and 
C 2 are constants independent of t. Consider the parabolic rescaling as in Definition 14.61 Then 
there exist reparametrizations : // —> [a, b] with |/y| oo {j ^ oo) such that a subsequence 
of the curves 

converges smoothly on compact subsets of I x (-oo,0) (where I is an unbounded interval con¬ 
taining Oj to a solution of the curve shortening flow yoo : / X (-cx3,0) —> with the following 
properties: 

i) The length of fooi', r) is not bounded for each r € (-oo, 0). 


ii) If Mf := yoo(/, r) has boundary dMf then dMf c where °°1, is a line through 
0 € and (voo, ^v) - 0 on dMf. 

Proof For the convergence, we first follow Ecker, see |[T3l Remark 4.22 (2)]. Fix 5 e (0, j). 
By rescaling and by the type I assumption we get |kyp(p, t) < ^ for j > jo{d), r e [-^,-6]. 
With the type I property, it is easy to show that there is a radius Rq = Ro(co, 6) such that cy(-, r) 
intersects BugiO). Choose a fixed T 2 € (-oo,0). We gef reparamefrizafions if/j : Ij \a,b) 
such fhaf Cj{fij,T 2 ) is paramefrized by arclengfh. We use fhe nofafion i]j~f =: ipj. Because of 
L (Cf) > c\ > 0 we know fhaf |/y| ^ ex? (y — > oo). We have fwo possibilifies (affer choosing a 
subsequence): Eifher Ij — > (-oo, oo) or we are in fhe boundary case Ij —> (-oo, 6] for a 6 > 0 (or 
Ij \a, oo) for an 5 < 0). We define I := limy^oo Ij- Consider now 

Jj ■ Ij X [-GyF,0) ^ R^, yy(p,T) := Cj(fij{p),T). 


Then jj{-, T 2 ) is paramefrized by arclengfh, yy safisfies 

2d o 

and yy are solufions of fhe area preserving curve shortening problem wifh Neumann free bound¬ 
ary conditions. Using L{ct) > ci > 0 we have fhaf L{yj{-,T)) > QjCi > 0 Vt € [-QyT, 0 ), 
Vy e N. Under fhese conditions, we reprove fhe gradienf esfimafes from ll^ Chapfer 7] 
for fhe local graph represenfafion (see also fhe proof of Proposifion 12.41) . This yields af firsl 
-esfimafes on fhe graph represenfafion (away from fhe inifial fime) for every k e N. 
(We need fhe lower bound on L(yy(-,T)) af fhis poinf fo gef esfimafes on fhe fime derivatives 
of Kj.) Since fhe ferms (9”Vy (m e No) are independenf of fhe parametrizafion and by fhe flow 
equafion, we fhen gel 


|(9f 6'"/cy| < c{k, m, Co, s, T, X, ci) on /y x [-^, -ti], Vy > yo(ti). 

o 

As in ifT^ Proof of Theorem 3.1] we decompose a derivative d’pjj info ifs normal and fangenfial 
part. We gef for m > 2 wifh hj(p, t) ;= \dpyj{p, t)| 


{d'^yj,Tj) = P^^"'\hj,...,ffr^hj,Kj, 
{&;yj,Vj) = P^^'^\hj,...,ffr^hj,Kj, 
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where N{m) e N and d^K /c for Z < 0. The symbol ({/])(<,iq) denotes a linear combination 
of products with at most N factors which are elements of the set {/]■},-^no- Since hj satisfies the 
evolution equation dfhj = -Kj(Kj - Kj)hj we get estimates on independent of j by an 

induction argument. Using again the evolution equation, we have 

\d’l&;yj\ < cik, m, CO, 6, T, S, ci) on Ij x -d], Vy > yo(d). 

We use this estimate and the inequality ly/O, t)| < RqWJ > yo(d) to get for every compact subset 
A' of / a subsequence of the curves yj converging by the Arzela-Ascoli theorem smoothly on 
A' X -d] to a (non-empty) limit flow. By the usual diagonal sequence argument and by rear¬ 
ranging the sequences in every step, we get a subsequence of yj such that this subsequence con¬ 
verges on every compact subset of /x(-oo, 0 ) to a well-defined limit flow -/oo : /x(-oo, 0 ) —> R^. 
The limit flow is a solution of the curve shortening flow because we have |^;(t)| —> 0 (y —> oo) 
due to |/i| < C 2 , and this yields dtfco <— Otyj, = {kj^ - kj,)vj, kooVoo with I oo and therefore 

dtyoo — ^OoVoo- 


For ©, we fix any tq e (-“, 0). If tq = T2 then yoo(-, tq) : / —> R^ is parametrized by arclength 
(because |7'.^(-,T2)| = 1 for every y'/) and |/| = oo, therefore L('yoo(-, T2)) = 00 is immediate. For 
To 4^ T 2 we use the fact that yoo is a solution of the curve shortening flow. We know by the type 
I assumption that 




CO 


2 (-t) 


on /y, X [T2, Tq] if T2 < To, 
2(-tU hi 


2 {-ro) U/ 

- 2 ^— on Ij, X [to, T2] if To < T2 


where ji is big enough such that is defined on the time interval. This implies for all p € / 


Co 


\k^{p,Tf < 2 (-;o) 


CQ 
. 2(-T2) 


on [t2. To] if t 2 < To, 
on [to,T 2] if To < T2. 


We define g{p, t) |y^„(p, t)| and compute 


^ ((5ryoo) ,yoo> 

Org = -PTI- =- {Oryoo,yoo) ^ -/^oofVcx,, yoo> = -K^g- 

ITooI g g 


With g(-, T 2 ) = 1, this implies 


dr (In g) = -ki and g(p, tq) ^ exp J ki(p, cr) dcr 


We use (1221) and get 


and 


g(p, To) > exp -(to - T2) 


Co 


2 (-to) 


>0 if T2 < To 


g(p, To) = exp 


r 

Jtq 


ki > 1 ifTo < T2. 


( 22 ) 
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These estimates are independent of the point p. Together with |/| = oo, this yields 


L(yoo{-,To)) 


I 


If'ooip, To)l 


I 


g{p, To) dp 


= oo. 


For note that if jcq ^ 2] then for every y € Qj(L- xq) there is an v € E such that 

bl ^ Qj\x - xo\ > Qj dist(vo, E) ^ oo (j oo), 

which implies that E is drifting off to infinity. Therefore, if M“ has a boundary then xq € E. In 
this situation, either ipj{a) converge to an d < 0 or cpjib) converge to a d > 0. We treat the case 
I = [d, oo). It is immediate that E^® converges to a line “E through 0 € (note 0 e E^° Vy and 

I = 7 ^|a^| ^ 0). We have 

T) - Qj{c{a, ^ + r) - vo) € tj (23) 

This implies 700(5, r) € “E. We know that (v > {x), Vy.{x, t)) = 0 for v = yj{(pj(a), r) Vt because 
of ([23]) and the boundary conditions of yj. This implies (v”^(yoo(d, t)), Vy„(d, r)) = 0. □ 

Corollary 4.8. Consider the situation from Proposition 14.71 but with the additional assumption 
Ho > Ofor the initial curve cq. Then we have for the limit flow foo-' There is a time r e - 5 ] 
such that koo( 0 , r) = 1 . 

Proof We define tj '.= -Q^j(T - tf) and compute (where tj Z' T and pj po comes from the 
blowup sequence) 

KyfO, Tj) = K-cfpj, Tj) = -^K + tJ = t j) =l Vy £ N. (24) 

By the type I assumption, we get 

ry ^ -^{pj,tj){T - tj) > - tj) - -y- 

The other inequality follows from Proposition 14 .1 1 (where we need k>0)\ 

= -K^iPj^ tj){T - tj) < - tj) = -\- 

Therefore, there is a t £ [-y, - 5 ] such that after passing to a subsequence ry t (j ^ 00 ). 
Together with (1241) and the local smooth convergence of yy to yoo, this implies koo(0, r) = 1. □ 
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4.1. The blowup point on the support curve 

Proposition 4.9 (The monotonicity formula for curves). Let c : [a, b\ x [0, T) M? be a so¬ 
lution of the area preserving curve shortening problem with Neumann free boundary conditions 
meeting the support curve ILfrom the outside. Consider 


Pxojix, t) := 


1 


{AniT-m 


-exp 


\X - XQp 

’4(r-o 


for X, xq € R^, t € [0, T), 


fit) := exp 


-- f ' 

2 Jo 


i^icr) dcr for t € [0, T). 


If Xq el. and 1 is convex then we have for all t € [0, T) 

{X - Xo, V> |2 




K + 


2(r - 1 ) 


+ 




+ 


(x- Xo,v} , 2 
2(7-t) ' 


Pxq,t dst- 


Proof We use the notation p and compute with the evolution equation ([7]l: 




C/ds 


pocfds-hf 


r d 

j ^ ° J P°cdi(ds) 

nb ph 

I Dpoct dtCt -hdtpoctds-f I 

Ja Ja 


-m: 

^-:jf p o Ct -h 2k(a: - ic)J ds -v f Dp o Ct dtCt + dtp o Ctds. 
^ Ja Ja 


poctds-vf I Dp o Ct dfCt + dtp o Cfds - f I KiK - k)p o Ct 

b 


The derivatives of the heatkemel are 


Dpix, t) = - 
dtpix, t) ^ 


1 


2{T - t) 

1 |x - XoP 


pix, t)ix - Xo), 
pix, t). 


We note that 


2(r - t) 4(r - t) 


\D^p o C(p 

dtp oct + (ds (Dp o Ct), t) +-^ 0. 


This follows because we have 


{ds {Dp oct),T) = - 


1 


1 


2{T - t) \dpCt\ 

■p O cfr, t) 


poct 

(dp ip O CtiCt - xq)) , T> 

1 1 


2(r - 1 ) 

1 


2(r - 1) \dpct\ 


dpipo Ct) (ct - xo, t) 


-poct + 


1 


2 (r-0" 4(7-0^ 

\D^p o cjp 


P O CtiCt- xo,t)^ 


= -dtP oct- 


poct 


(25) 


(26) 
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By (l26b and the Frenet equation dsT - kv we compute 


a /a N \ Ife “ 

dtP oct = -{ds {Dp o ct) , T) - 2 P ° 

I) 

= -ids (dV o Ct) , t) - {ds [d^p o Ct) , t) 


l(C/ - Xq) 


X\2 


4(r - 1) 

a /^^ V , /^ X \(Ct-Xo)-^\^ 

= -dADp o Ct, T) + {Dp o Ct, KV) - ° 


^poct 


(27) 


\±|2 


1 a. , {Ct-X0,v) \{Ct-XQy, 

dsipo CtiCt - Xo, T» - K^:^ - —p OCt - — -O Cf 


2{T-t)''"'' " 2{T-t) 

Thus, we get with the flow equation dtCt = (k- k)v, (ITT]) and 

= -\f poct(K^ + 2K{K-k)) 

+ f I dtpoctds 
Ja 

^ -^/ J' p o Cf + 2k(k -k) + 2(k - k) 

+ 2(rb)^I a,(poc,to-x„,T»d.-/J ( 


4(r - ty 


{ct - xo,dtC t} 
2{T - t) 


■p O Ct d 5 


(ct - xo, v) 


2{T - t) 

{Ct - XQ, v) 
2{T - t) 


ds + f I dtpoctds 
Ja 


ds 


{Ct-X 0 ,v) |(Cf-2Co)-^P 

K _ _— + 


-^/ J poct^K^ + 2 k(k -k) + 2(2k - 'y ^^2{T^-t) ^ 


2{T - t) A{T - 0^ 

{Ct-XQ,v) ^|(Cf-xo)-^P 


po Ctds 


d5 


+ 


2{T - t) ' 4(r - t)^ 

7—:f [pic{b, t), t){c{b, t) - Xo, T{b, t)) - p{c{a, t), t){c{a, t) - xo, T{a, t))] 


2{T - t) 

•b 

p o Cf 


-\<L 


K + 


(Cf - Xq, v) 

2{T - t) 


+ (/f - ^) + 


{x - XQ, v) 

2{T - t) 


d^ 


+ - fj 0, t){c{b, t) - Xq, T{b, t)) - p{c{a, t), f){c{a, t) - xq, T{a, t))] 

Zyl — t) 




P o Cf 


K + 


{Ct - Xq, v) 

2{T - t) 


+ (/C - ^) + 


(Cf - XQ, v) 

2(T - t) 


di', 


where we used in the last step {c{b, t) - xq, T{b, t)) < 0 and {c{a, t) - xq, T{a, t)) > 0. This is true 
because E is convex, xq e E and the curves Ct meet E from the outside. □ 

Remark By Buckland’s expansion formula n Proposition 2.3] modified for general flows as 
in the proof of Lemma lAfll we have the analogous monotonicity formula as above for arbitrary 
dimension (volume preserving mean curvature flow with Neumann free boundary conditions), 
see 1251 Chapter 1]. 
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Proposition 4.10. Consider the situation of Proposition \4. 7\ with the additional condition xq e 2. 
Then for each r e (- 00 ,0), we have 

L (y^ n Br( 0 )) < c(t, T, L{cq), C 2 ,R), 


where L{yl^ n Br( 0 )) denotes the length of the curve y^ inside of the ball Br{ 0). It follows that 
each of the curves yoo(-, t) = y^ is proper. 

Proof We use the monotonicity formula for := c, (•, r), see Proposition 14.91 By rescaling we 

,/ '' 

get 




+ |(^y - Kj) + 


gv) 

-It 


Po,o d5r 


for r € [-QyT, 0 ), where 


Po,o(-^, t) 


1 

vJ-Attt 


wi 

-4t 

? 


//r) := exp 




This implies 




fj(T) Po,odSr<fj(-Q^T) 




Po,Qi-,-QjT)ds_Q2j 


< 


Ljco) 

(47rr)5 


for T € [-QyT, 0). Since T < 00 and l/rl < C 2 there is a constant C 3 = cj{T,C 2 ) > 0 such that 
C3 < f{t) < 1 Vt € [0, T). With f j{T) = f{-h + T) we conclude 


POP dpr < C = c{T, L(co), C2). 

We use Patou’s lemma to get 


1,0 ° foo(-, T)|y^(-, t)| di:^ < c = c{T, L(co), C 2 ) 


and thus 



c{T,L{co),C 2 )> f POP dpi, = ^ - f expf--!^] d/i^ 

JfLnspo) sJ-4nT Jp^nBpo) \ 

1 / 7?^ \ 

> , exp I- b(flo Pi Bjf(0)) for each r € (- 00 , 0 ). 

V- 4 ;rT I - 4 t/ 

This yields L(fl,nBjf(0)) < c(t, T, L{co), C2,R). This property implies that yoo(-, t) is proper. □ 
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Proposition 4.11. Let c : [a, b] x [0, T) be a solution of ® with type I singularity at 

T < oo. Assume that c satisfies L{ct) > ci > 0 and |^(f)| < C 2 < o°. If the blowup point is on the 
support curve X then every limit flow joofrom Proposition \4. 7\ satishes ^ 


2t 


Proof Because of the monotonicity formula, see Proposition 14.91 we have 


_d 

At 



< 0 


and therefore the limit i^f{t) £ Pxq,t exists. By 0 < c^iT, C 2 ) < f{t) < 1 Vt e [0, T), 

the limit Vtmt/j £ Pxq,t exists. By rescaling we have 


lim 

tPT 



PxoJ ds, ^ lim 

Jl^oo 



Pop d?T 



(28) 


We note that for the last step local convergence is not enough. To get (1281) we use a lemma of 
Andrew Stone modified for our case, see ll^ Lemma 2.9] and Lemma lAlT] Equality (1281) means 
that the integral pop dsa, does not depend on r. If we are in the case that has a boundary, 
we reflect the curves at the line to get a family of curves without boundary which 

evolve under the curve shortening flow. Now we can use Huisken’s monotonicity formula (see 

ED), 


_d 

dr 




2t ^ 


d^L. 


Since the integral on the left hand side is independent of r, the term on the right hand side 
vanishes and we get the result a:“ = ^ ^r° does not have a boundary then we can apply 

the monotonicity formula of Huisken directly to and get the same result. □ 

Proposition 4.12. Let cq '■ [a, b] be a convex initial curve, kq > 0. Consider a solution 

c : \a, b^ X [0, T) —> K.^ of the area preserving curve shortening problem with Neumann free 
boundary conditions with singularity at T < 00 , where the blowup point lies on the support 
curve xq e S. Assume further L{ct) > ci > 0 and |k(t)| < C 2 < 0 °. Then the singularity cannot be 
of type 1. 

Proof By Proposition 14.111 we obtain for the limit curve kf = ^ . If Mf has boundary 

dMf then dMf c “S = {0} x R (after rotation), and it is perpendicular to that line. Like in the 
proof on Proposition 14.111 we reflect at “E to get a smooth curve Mf without boundary 
which satisfies Kf = This equation implies that M“ = i.e. the curves are 

self-similarly shrinking. These curves are classified, see ifT^ Section 5], and also |[D- We use 
this classification to obtain that is one of the following: 


i) the line R x (0), 

ii) the shrinking sphere 

Hi) one of the closed, homothetically shrinking Abresch-Langer curves T, 
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iv) a curve whose image is dense in an annulus of 

The first case, (0), clearly contradicts /foo(0, r) = 1 for a t € [-y, see Corollary 14.81 The 
cases © and Suih are excluded because this would be a contradiction to the properness (Propo¬ 
sition |4T0| and the unbounded length of M“. Also (O is not a possible shape of the limiting 
curves because then you could find a ball where the length of the curves is not bounded. This 
contradicts Proposition 14.101 □ 


4.2. The blowup point not on the support curve 

We modify the approach of Ecker in lfT3l Remark 4.8, Proposition 4.17] for our flow. 

Proposition 4.13, Let c : [a,b] x [0, T) M? be a solution o/® and ip e C^’^(R^ x (0, r),R). 
in Proposition 14.91 consider the “backward heat kernel” Px^j cmd 


fit) ^ exp 


-- r 

2 Jo 


Kicr) dcry 


Then we have for t € (0, T) 
-b 


|(/f ^P»,r -i/f. 


<P\\K + 


+ 


+/ 

+/ 


r~(i- 


( Cf - xo,y) |2 , 

2(r - t) 
dl\(pdst 


|(^-k) 


-I- 


(Ct - X0,V) |2 

2(7-t) I 


Pxo,T dst 


Pxo,T P- 


_{ x- Xo,t) 

2(r - 1 ) 


+ Pxo,t(Dp, t) 


c(b,t) 




Here, 4 denotes the total derivative with respect to t, i.e. 4i/^ is 


—{ik o c) = dfik o c -r (Dtk o c, dtc) = dt>k o c + (k- k)(Di{/ o c, v). 
dt 

Similarly, d^p has to be understood as d^ip o c). 

Proof The beginning of the proof is done like in Proposition 14.91 We only have to add the term 
where p is differentiated. It follows that 


£ 


-Act-xo,v} 

P O Ctp O Ct\K + 2 k{k - K) + 2(A- - K) 


+ f poc,dtpoctds + f 


2(T - t) 
d 


d^ 


(29) 


26 












By (l26b . we have 


(poc, d,p oc, = -{ds {Dp o ct) ,t) if o c, - oct(poc, 


4{T - ty 


= -{ds (d V oc^,T)ipoct- {ds ip^p o Ct) ,t) (f O Ct ■ 


l(C( - xq) 


-L|2 


4(r - 1 ) 


—p o Ct ip OCt 


= -ds{{Dp O Ct, T» tpoct + {Dp O Ct, KV) (poct- °Ctip°Ct 

^ -ds{{Dp O Ct, T)(po Ct) + {Dp O Ct, T)ds{ip O Ct) + Ki{Dp O Ct, v)ipoct 

\{Ct - JCo)-^P 

- ^P o Ct wo Ct 

4{T-ty ^ ^ 

'l . M , {Ct-XQ,V) 

W°Ct\ + Osip o ct)ds{w ° Ct) - —— poctW°Ct 


^ds\po Ct 


^ 5Jp o Ct 


^ PJp O Ct 


{ct - 

xq,t) 

2{T 

-t) 

{ct - 

Xo,t) 

2{T 

-t) 


- K 

{ct - 

Xo,t) 


2{T - t) 

\{ct - 


4(r - t) 

Woct+po ctdsiw oct)\-po Ctdjiw o Ct) 


—p octW°Ct 


2(T - t) 


{ct-xo,v) l(C(-;co)-^P 

- p o CtW ° Ct - o CtW ° Ct 

2{T-t) ^ A{T-t)^ ^ 

Woct+po CtiDw o Cf, T> - p o Ctd^iw o Ct) 


+ P O CtW ° Ct\-K 


{ct-xo,v) |(C(-;co)-^P 


2(7 - t) 4(r - t)^ 


We use this equality in (1291) . collect the terms as in the proof of Proposition I4.9l an get the desired 
result. □ 

Definition 4.14. For xq {1,, 0 < T < oo and A> Owe define the C^-function 


Wixo,T),A(x, 0 := 1 - 


|x - Xop + 2(1 + C 5 )(t - T) 
42 


, .V e R^, 1 e [0, T), 


where 


C5 '■= C2{diarnL + Lq), 

C 2 is a constant (later we use C 2 such that |/r| < C 2 )- Furthermore, we choose do € (0, xFf) such 
that 


Vi+2(i+c5)(-^o) X \T Aq, r) c R^ \ 2 X (0, T) 


and remark for all A e (0, do] and t ^\T - A^, T) that 


sptW(xoJ),A{-, t)<zR^\ E. 
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Remark The definition of the function (p(xo,T),A comes from |0 Chapter 3]. 

Lemma 4.15. Let c : [a, b] x [0, T) M? be a solution o/® with singularity at T < oo, where 
the blowup point xo satisfies a:o € \ E. Assume that we have a uniform bound l/cl < C2 < oo. 

Then, for A> Q, we have 

Proof As in IfOl Remark 4.8] we define 

r]{r) := |l - , r e R 

and note that p'{r) < 0, p'fr) > 0. With r{x,t) - \x - xo\^ + 2(1 + C 5 ){t - T) we have that 
T{xaJ)P ^ 7 ? o r and 

Dr{x, t) = 2(x - Xo) 

D^r(x, t) - 2Id 

dtr{x, t) = 2(1 + C 5 ). 

Now we compute 

- p o r o Ct {r o c) - p" o r o Ct {dfir o Cf))^ 

< p o r o Ct (r o c). 

Therefore, it is sufficient to show (r o Ct) > 0. This is 

(r o c) = {Dr o c, dfC) + dtr o c - ds{Dr o c, t) 

- (Dr o c, dtc) + dtr o c — {D^r o ct,t) - (Dr o c, dgr) 

^ 2(k - k){c - Xo, v) + 2(1 + C 5 ) - 2(t, t> - 2k{c - xq, v> 

^ 2 (c 5 - k{c - Xo, v». 

By Lemma [ 3 ?^ we get |c - xqI < diamZ + Lq on \a, b) x [0, T) and thus 

k{c - Xo, v> < C 2 |C - xol < C 5 . 


□ 
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Theorem 4.16. Let cq '■ [a, de a convex initial curve, kq > 0. Consider a solution 

c : [a, b\ X [0, T) —> of the area preserving curve shortening problem with Neumann free 

boundary conditions with singularity at T < oo. Assume further that L(ct) > ci > 0 and 
1^(01 < C 2 < oo, where ci and C 2 are constants independent oft. Then the singularity cannot be 
of type 1. 

Proof Due to Proposition 14.121 it is sufficient to consider the case ;co ^ \ The proof is 

almost the same as in the case xq € E. We choose Aq as in Definition 14.141 Then we use the 
localized monotonicity formula from Proposition 14. Al together with Lemma l4.15l to get 


T(jcoT),aPxo,t dsfj < 2'^J" + ^2(r-o^ I I Jpxo.TdSf 

for A e (0, To] and t e [T - Af,T). Since f{T) = exp(-^ /i^(cr) dcr) and k is bounded, the 
limit limf^r X, <P{xo,tuPxo,t dst exists. By rescaling, we get 


lim 

t/'T 



T(xo,T),APxo,T d5f 


lim r 

Jc^. 

J 


T(QjA)P0,0 d?r - 



(30) 


where we again modify the Lemma of Stone as in Lemma IATT] for the global convergence in the 
last step. Equation (1301) implies that pop dJJ^ is independent of r. 

In the proof of Proposition 14.71 @ we saw that in the case xq ^ E the limit curve M“ does not 
have a boundary. For the smooth family of curves (7 oo)t<o without boundary which is evolving 
under the curve shortening flow we use Huisken’s monotonicity formula 11211 and get 





2 t ^ 


dJL. 


Therefore, Mf is a homothetically shrinking solution of the curve shortening flow. We rescale 

the localized monotonicity formula as in Proposition 14.101 and use ^ (l + to 

see that each limit curve fcoO, t) is proper. With the results of Abresch-Langer and Halldorsson, 
in and (m Section 5], we conclude that the only properly immersed, homothetically shrinking 
curve of unbounded length is a line through the origin. But this is not possible because there is 
a time r € [-y, - 5 ] such that koo(0, r) = 1 due to Corollary 14.81 □ 


5. Preserving of a geometric property 

In this section, we assume that the curves satisfy the following conditions (which are the condi¬ 
tions of Theorem [TV]): 

Assumptions Let c : [a, b] x [0, T) —> be a solution of ®, where the initial curve satisfies 

the following four conditions: The curve cq 

(A) has positive curvature, /cq > 0 on \a, b^, 

(B) has no self-intersection. 


29 


















(C) is contained in the outer domain created by the convex support curve Z, 

(D) satisfies L{cq) <^d = min{|x - y\ : x,y € Z,^t(x) = -^f(y)}. 

Lemma 5.1. Let c : [a, b\ x [0, T) be a solution o/®, where the initial curve satisfies the 
conditions (0), (D and (ED- We assume furthermore that there is a time to € (0, T) such that 
the curve Cf^ is not embedded. Then the self-intersection must be transversal, i.e. the tangents at 
the intersection points are not parallel. 

Proof. The reason for the transversality is convexity combined with the result from Theorem l3.7l 

rb 

kds < 2n. Let p\ < p 2 be points such that Cf^ipi) = Cfg(p 2 )- We rotate the situation such that 
- ^ 2 - If the self-intersection is tangential we have T{p 2 ,fo) = ±C 2 - But T(p 2 ,fo) = - 1 -C 2 
cannot hold since then the angle of the tangent from p\ to p 2 would already be 2n. So we have 

T{p2,t~o) = -C 2 - 

As in the proof of Proposition 13. II we have xd^ > tt (replace \a,b^ by \_pi,p 2 \ and the proof 

works just the same). The curve is smooth, regular and closed with exterior angle n. 

The formula for the index, Theorem 13.31 yields 

1 1 
k ■.= md(Cfo) = -t - 

rP2 

and k € Z. As TT < A'd 5 |,=fQ = 2k7r - tt it follows that k > 1. Therefore k > 2 and we get 

rb rp2 

2n > I > I = 2k7r — n > 2n. 

Ja J pi 

□ 

Lemma 5.2. Let c : [a, b] x [0, T) E? be a solution o/®, where the initial curve satisfies the 
conditions ©. (0), (D and (ED- Under the assumption that the curves do not stay embedded, 
there is a first time to £ (0, T) such that Ct^ is not embedded, i.e. there are p\,p 2 £ Vbi,b^ with 
P\ < P 2 such that Ctg(pi) = Ctgip 2 ), and Ct is embedded for t € [0, to). Furthermore, we have 

p\ = a or p 2 = b. 

This means that the first time a self-intersection happens is at the boundary. 

Proof. The existence of to follows from the fact that the curves are immersed. We now assume 
that the self-intersection happens at first in the interior: pi,p 2 e {a,b). For e,p,6 > 0 small 
enough, we define the function 

/ :(to - e, to -I- e) X (pi -p,pi+p)x {p 2 - d, p 2 + d) ^ R^, 
fit, p, p) := cip, t) - cip, t). 

This function is C“ and satisfies /(to, pi, pi) - 0 and 

{dpf, dpf) |(fo,p,,p 2 ) = [dpciputo), -dpcip 2 , to)) . 
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Figure 1: Definition of Qi and Q 2 in Lemma 1531 


Lemma l53] vields the transversality of the self-intersection. In other words, the vectors ±T(pi, to) 
and ±T{p 2 ,to) are linearly independent. Thus, the vectors dpC{p\,to) and -dpC{p 2 ,to) are lin¬ 
early independent as well. But that means that [dpf, dpf^ l(fo,pi,P 2 ) invertible. By the implicit 
function theorem one gets open neighbourhoods U,Vi,V 2 of to, pi, P 2 , respectively, and a func¬ 
tion g € C^(U,Vi X V 2 ) such that 

{{t,p,p) e U XV 1 XV 2 ■ f{t,p,p) = 0) = {{t,g{t)) : teU). 

Hence there was a time before to where the curve had a self-intersection. This is a contradiction. 

□ 

Lemma 5.3. Let c : [a, b] x [0, T) E? be a solution o/®, where the initial curve satisfies the 
conditions ©, (El), (0 and (|Dl). If for all t € [0, T), the vector T{a, t^points into the quadrant 

Qi := |v € : (x - c(a, t), c(b, t) - c(a, t)) < 0, (x - c{a, t), J{c{b, t) - c(a, t))) < 0| 

and tQj, t) points into the quadrant 

Q 2 '■= |x € R^ : (x - c{b, t), cib, t) - c{a, t)) < 0, (x - c{b, t), J{c{b, t) - c{a, t))) > 0| 

then the curves cannot have self-intersections. The symbol J denotes rotation by -i-|. See Fig- 
ure\J\for an illustration of Qi and Q 2 . 

Proof We argue by contradiction. Due to Lemma lSHl and Lemma [531 we can assume that there 
is a first time fo > 0 such that Cjg has a transversal self-intersection at the boundary, c{pi,to) - 
c{p 2 , to). We only treat the case pi = a, as the other case is proven analogously. If p 2 = b then 

“^Here, the vector T(a, t) is seen as a vector with origin the point c{a, t). 
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rh 

/c-d 5 |f=,Q > Stt since the index is an integer, a contradiction. Therefore, we have p 2 < b. Since 
the self-intersection is transversal and is convex we have 

ZR 2 (T(a, to), t { p 2 , to)) > (31) 


We show that the tangent t(-, to) runs through at least a half-circle from p 2 to b, which contradicts 

pb 

Kds < In. We rotate and translate the situation such that 

Ja 


c{a, to) = 0 € E 


c{b, to) - c{a, to) 
\c{b, to) - c{a, to)| 


-Cl- 


By assumption, we then have 


{T{a, to), ci> > 0, {T{a, to), C2> > 0, 

{T{b,to),ei} >0, (T()7,to),C2> < 0. 

By (l3T]) and since altogether we also have to stay smaller than 2n, it follows that t(p 2 , to) points 
into 


|x € > O} U {x € < O}. 

Now we distinguish two cases: 

Case 1 : (t(/ 72 , to),^i) ^ 0- In this case, the proof of Proposition 13.11 works, we only have to 
replace a by p 2 . It follows that there are points m,v € [p 2 ,b], u + v such that T{u,to) = - 62 , 

pb 

t(v, to) = 62 , which implies n < /c'd 5 |i=fQ. 

Case 2 : ( t ( p 2 , to), ci> < 0 and ( t ( p 2 , to), 62 } < 0. In this case, we modify the proof of Proposi- 
tion l3.lt we consider c^(-, to) instead of c^-, to)- We get u,v e [p 2 , b] such that 

c^{u, to) ^ inf{c^(p, t) : p e [p 2 , b^] and c^(v, to) ^ sup{c^(p, t) : p e [p 2 , ^]|. 

As in case 1 we prove that the angle between the tangents in u and v has to be at least n. It 
follows that n + n < /r d^ - 1 - k ds - ds < 2 n, which proves the lemma. 

□ 

Proposition 5.4. Let c : [a,L] x [0, T) b 6 a solution of tho aroa prosorving curv 6 short- 

6 ning problom with Noumann fr 66 boundary conditions, whoro the initial curv 6 satisfios the 
conditions (0), (0 and dSD- Under the additional assumption 

Kds<n+- Vt€[0, L) 

the curves stay embedded. 

Proof. We study the geometric situation for any t > 0. By Theorem l3.71 we know that c{a, t) + 
c{b, t). We again rotate and translate the situation such that cia, t) = 0 € E and “ “^1 • 

The proof of Proposition 13. II shows that we have 

{T{a,t),e\) >Q and (t(L, t),ei> > 0 (32) 
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('b 

by the boundary conditions of the flow. We now show that kAs < n + ^ yields 

{T{a, t), 62 ) > 0 and {tQj, t), € 2 ) < 0 . 


Once more, the proof of (l3^ works as that ofProposition l3.lt Else, we may assume {T{a, t), 62 ) < 
0 (the case {T{b, t), 62 ) > 0 can be treated analogously). By convexity and T{a, t) t 62 it follows 
that there is a d > 0 such that c{(a,a + S),t) c {x e > 0). Since [a,b\ is compact, there 

are M, V e [a, b] such that 

c^{u,t) = ird[c^{p,t)p ^[a,b]] and c^{v,t) = •&\ip[c^{p,t)p ^ [a,b]\. 

Therefore, we have c^{u,t) < c^{b,t) < c^{a,t) < c'(v, 0 - It follows that u € (a, d], v € {a,b) 
and M 7 ^ V. By the strict convexity and by the definition of u and v we have t{u, t) - -62 and 
t(v, t) = 62- Thus, we have shown that t(-, t) runs through at least | of a circle (it starts at a in 
the quadrant {x e R^ : x' > 0, x^ < 0), has to go up to 62 and then down to - 62 ) which means 
/r d^ > ^TT, a contradiction. The properties (1321) and (1331) imply that T{a, t) and T{b, t) point 
into the ”good“ quadrants of R^. Hence, the assumptions of Lemma 1531 are satisfied and the 
proposition is proven. □ 

Theorem 5.5. Let c : \a, d] x [0, T) —> R^ de a solution o/dh]), where the initial curve satisfies the 
conditions (ED, (ED, (ED and (ED- Then there is a constant C = C(L) > 0 such that: If cq satisfies 
L() < C(Z) then the curves stay embedded under the flow. It suffices to choose C(E) = 
this choice need not be optimal. 

Proof. The strategy of the proof is the following: We use the formula 



which can be found in Theorem 13. 6 1 The difference b{t) - a{t) is (due to arc length parametriza- 
tion) the length of the part of E which connects c(a, t) and c{b, t). First, we force the curve 
L() to be so short that the standard graph representation at a certain point on E is well defined. 
We then estimate b{t) - a(t) by a constant c times Lq, using the graph representation. Now, if 
cLo^/fmax < f, then there cannot be a self-intersection owing to Proposition 15 .4 1 
Since Z ]^2 (^f{c(a,t)),^f{c{b,t))j € [0, tt) (cf. Theorem 13.71 (fT9]) l. there is a ’’side of E“ where 
we can use the graph representation. Consider the line Lt that is parallel to the line segment 
from c{a, t) to c{b, t) and that meets E tangentially at the ”side“ of E, where the tangent be¬ 
tween c{a, t) and c{b, t) is less than n. By we denote the (non-unique) point in [^a, such 
that ^fi^q) € Lt. The intersection must be tangential. Now, we are in the situation that the 
part of E which goes from ^f{a{t)) to ^f{b{t)) is in the graph representation of E at ^f(^q), but 
only under the condition that \c{b, t) - c(a, f)| < Lq is small enough. As in Il30l Lemma 7.4] 
we show that Lq < — is sufficient to be in the graph representation. We furthermore have 

sjl + w'iqf < 1 -I -1 in this case, where w denotes the graph function of the graph representation. 


This yields 







P(c(a, t)) ^f(^q) 


P(c(b,t)) 


Figure 2: The graph representation around ^f(^q) in the proof of Theorem 15.51 


where P{c{a, t)) and P{c{b, t)) are the projections of c{a, t) and c{b, t) onto Lj. See also Figure |2] 
Combined with the remarks at the beginning of the proof we get 

V n 

Kas <n + {b{t) - a{t)) /Cmax < ^ 

under the condition Lq < — =: C(E) and this shows the theorem due to Proposition 15.41 □ 

^ ^max 

Theorem 5.6. Let c : [a,b] x [0, T) be a solution of the area preserving curve shortening 
problem with Neumann free boundary conditions, where the initial curve satisfies the conditions 
® (0 and m- Then there is a constant C = C(X) > 0 such that: IfcQ satisfies Lq < C(E), 
then, for each t e [0, T), the curve Ct and the line segment from c{b, t) to c(a, t) trace out a convex 
domain in R.^. 

Proof We use the constant C(X) = ^— from Theorem 15.51 There, it is shown that the condi- 

^ ^max 

tion Lq < C(X) implies embeddedness of Ct and f /cd^ < tt + | for all t € [0, T). In the proof of 
Proposition 15.41 we show that this implies that T{a,t) points into Qi and T{b,t) points into Q 2 , 
where Qi and Q 2 were defined in Lemma 1531 see also Figure[T] But this means that the exterior 
angle of the closed curve, which one gets by assembling the curve Ct and the line segment from 
c{b, t) to c{a, t) are in [ 0 , |]. 

Any piecewise smooth, simple closed, positively oriented planar curve with a- > 0 and with exte¬ 
rior angles in [0, n) traces out a convex domain. We only have to prove that Ct has no intersection 
with the line segment from c{b, t) to c{a, t). This works again by contradiction and ’’counting 
angles" as in the proof of Proposition l3.lll531 or l5.4l □ 

6. Finite type ii singuiarities 

We consider the situation of a finite type II singularity, that means T < 00 and 

sup \ k \{ p , t) ^ 00 {t /' T) and 

pe[a,b^ 

sup t){T - t)\ is unbounded. 

pe[aM ' 
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We use the rescaling of Hamilton in his work on Ricci flow, see ifTSl : For 7 e N choose tj € 
[ 0 , F - i] and pj e [a, b] such that 

WfiPj, tj) [t 0 ) ^ max {(kP(p, t){T -X-t)y.te\0,T -X),pe [a,b)]. 

Then define Qj := \K\{pj, tj) and 

- Qj{c{-, ^ + tj) - c{pj,tj)j for T € [-Q^jM^iT - tj - j)] on [a,b]. 

The following properties are known, see Il22l Lemma 4.3, Lemma 4.4]: 

Lemma 6.1. Let c : [a, b] x [0, T) 9? be a solution o/@ developing a singularity of type II 
at T < 00 . Then we have with the notation := yj{[a, b], r) 

i) Q]{T - tj - 4) ^ +00 (7 ^ 00 ), 
d) Qj^ +°° U “). 

Hi) -Q]tj -00 (7 ^ 00 ), 
iv) tj /T (7 ^ 00 ). 

v) 0eMl V7€N, 

vi) \Kj\{pj,0) = 1 V 7 e N, 

vii) ky|(-,T) <1 Vr < 0, 

viii) \K\{pj, tj) = max{k|(p, t) : p e {a, b), t € [0, tj]\ V 7 € N, 

ix) Ve > 0 Vt > 0 37o(e, t) e N, V 7 > 70 : k/p(p, r) < 1 + e Vr e {-Q^j^, f], Vp € [a, b]. 

Proposition 6.2. Consider a convex initial curve cq. Let c : [a, b] x [0, T) —> R.^ be the solution 
o/® with a singularity at time T < oa, where the singularity is of type II and with L{ct) > ci > 0 
and k(t)| < C 2 , where c\ and C 2 are constants independent oft. Consider the Hamilton-rescaled 
solution of the area preserving curve shortening flow with Neumann free boundary conditions 

fj : [a, b] X [-Qjtj, Q](T - tj - 4)] ^ rI 

Then there exist reparametrizations ifj : f —> {a,b) with |/,| —> 00 (j —> 00 ) such that a 
subsequence of the rescaled curves 

T; := r/C-A;, •) : f x [-Q]tj, Q]{T - tj - 4)] ^ R^ 

converges locally smoothly to a limit flow foo ■ I x (-oo,cx3) —> R^ (where I is an unbounded 
interval containing Oj. The limit flow yoo is a smooth solution of the curve shortening flow and 
satisfies 0 < koo < 1 everywhere and koo = 1 at least at one point. If Mf yooiLr) has a 
boundary, then dMf c “S, where “S is a line through 0 e R^, and (voo,°°^ v) = 0 on dMoo- 
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Proof. The convergence is proven like in Proposition l4.71 We only use the bounds from Lemma lhdl 
(ISt instead of the bounds on the curvature that come from the type I hypothesis. Furthermore, 
Lemma Ihdl tfvt) implies y/0,0) = yj{ipj{pj), 0) = 0 Vj € N, which yields 

|y/0, T)| < 0 + I r KyfKy. - Kyf)\ < 2t( 1 + f) 

Jo 

on [-t, t]. We now choose /'I lim/^oo // and tjt y oo (k — > oo). As in Proposition 14.71 
we get a subsequence yy, that converges locally smoothly to a limit flow yoo : / x R —> This 
flow satisfies 


0 < koo < 1, 

koo(0,0) = 1 (because 0) = 1 Vy € N) 

|yL,(-,0)| = 1 

drjoo = KcoVco (becausc \Kyj\ < ■^C 2 0). 

The statements about the boundary of dMf are proven like the corresponding claims in Propo¬ 
sition |47j The curvature koo satisfies dtKoo - d^koo + (proven as in Lemma 1231) . A maximum 
principle argument together with the Hopf lemma as in Corollary 12. 14l vields koo > 0. □ 

Corollary 6.3. Let cq be a convex initial curve. Consider the solution c : [a, b] x [0, T) —> R^ of 
(0). Assume that the flow satisfies L{ct) > ci > 0 and |/<'(f)| < C 2 where c\ and C 2 are constants 
independent of t. If the flow develops a singularity of type 11 at T < oo, then the limit flow of 
Proposition 16.21 7.9 (after rotation and translation) the “grim reaper”, which is the flow of curves 
given by X = - log cosy -i- rfory € (-|, |). 

Proof. By Proposition 16.21 the limit flow of the rescaled flow is an eternal solution of the curve 
shortening flow. The limit curves are complete, the flow has bounded and positive curvature, and 
the maximum value of the curvature is attained at least at one point. By llT9l Theorem 1.3], the 
limit flow must be a translating solution and the only translating solution in the case of curves is 
the “grim reaper”, see for example |[29l Example 3.2]. □ 

Remark In Theorem 13. 101 we proved existence of such constants ci and C 2 as required in the 
previous corollary. Therefore, we can apply the previous corollary to the situation of these 
theorems. But the conditions there probably do not prevent the flow to develop a singularity. 
Therefore, in order to exclude also type II singularities, we have to assume stronger conditions. 
In Section [5l we get more information about the flow, namely, when the curves stay embedded. 
We use this in our considerations of the type II case. 

Theorem 6.4. Let c : [a, b] x [0, T) be a solution of the area preserving curve shortening 
problem with Neumann free boundary conditions, where the initial curve satisfies the following 
four conditions: The curve cq has positive curvature, it has no self-intersection, it is contained 
in the outer domain created by the convex support curve S and it satisfies L{cq) < —. Then 
the flow cannot develop a singularity of type II in the inside of the flow infinite time. This means 
that if there is a singularity of type II at T < oo, then the limiting flow in Proposition 16.21 has a 
boundary, i.e. the rescaled and reparametrized flow converges to “half a grim reaper”. 
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Proof. As E is a convex Jordan curve it encloses a convex domain Gy,- The smallest osculating 
circle of E has radius it touches E in the point, where is attained and it is inside 

^max 

of Gy- Since := min{|x - y\ : x,y e = -^T(jv)} is the smallest distance of two parallel 

lines that touch E we have < ^d, and, of course, < ^d. It follows that the conditions of 
Theorem [52] are satisfied and thus the curves c, together with the line segment connecting c{b, t) 
and c{a, t) trace out a convex domain D, for every t e [0, T). Since E is convex and Ct sits on the 
outside of E, we deary have At := A(Cf, yi) = Aq < A{Dt), where A(D,) denotes the area of Df. 
We now assume that we have a singularity of type II in the inside, i.e. the blowup procedure 
yields a limit flow yoo without boundary, which is the “grim reaper”. We consider the situation 
T = 0 and omit the notation of t from now on. After rotation we are in the situation that the two 
asymptotic lines of yoo are the lines in direction of ei with height and |. We choose points 
p^,p^ € K cc I such that the tangents of yoo at that points are almost -ei and ei, i.e. for e > 0 
arbitrary small we get 

Too(p^) - (cos sin (f^) with (p^ = i: + e and analogously 
Too(p^) - (cos (f^, sin ip^) with = -e. 

Locally around 0 € K cc I the curves yj look like yoo for big j. In particular, there is 70 (e) € N 
such that 


■^■ 7 ( 0 ) - (cos pj, sin^y) with pj € (^tt - e, + e) for all 7 > jo, 

i.e. the tangent in 0 is near - 62 - Furthermore, we choose 71(e) > jo such that for all 7 ^ ji 

Ty(p') = (cos pp sin p^j) with € (tt, tt + 2e), 

Tjip^) - (cos pj, sin pj) with pj € (-2e, 0), 

i.e. the tangents are near ei and -ei at the points. We also have 0 < yj{p^) < 5 + e and 
0 > yjip^) > -| - e for 7 > 72 > j\. We now consider the blowdown of the curves yy for 7 > 72, 
that means we consider 


yj ^ 7777 + c{pj, tj) = c{fj, tj). 

127 

As we only rescaled and translated the curves yy, the properties of the tangents (they are near 
- 62 , 61,-61 at some points) are still the same. The only difference is that we have 0 < yjip^) < 

and 0 > yj{p^) > by rescaling. We now use the fact that a convex domain always 
lies in the half space on the side of the tangent line, into which the inner normal is pointing. 
We use this here to “frame” the domain Dt. With the three tangent lines at p^0, we get 
an unbounded almost-trapezoid Ty (still open on the right) with Dtj c Tj. We cut the almost- 
trapezoid at the point, where m.axc^{il/j,tj) is attained and get an almost-trapezoid Tj as in 
Figure |3] (if T{j/j{0),tj) = - 62 , it is a trapezoid). Because of L{c{fj,tj)) < Lq we get that the 
length of the trapezoid (in direction of 6 \) is bounded by Lq. The area of Tj is almost the area 
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Figure 3: The almost-trapezoid Tj in the proof of Theorem 16.41 


of the rectangle which has length Lq and height A simple estimate would be A ^ Tj)< 
for j > 72 (e), e small. We then have for 7 > 73 > 72 the contradiction 

Aq < A < a(t< 4Lq-— < Aq. 

□ 

Theorem 6.5. Let c : [a, b] x [0, T) M? be a solution of the area preserving curve short¬ 
ening problem with Neumann free boundary conditions, where the initial curve cq satisfies the 
following four conditions: 

• The curve cq has positive curvature, kq > 0 on [a, b\ 

• it has no self-intersection 

• and it is contained in the outer domain created by the convex support curve X. 

Consider the quotient ^ := cj. There exists a constant C - C{ci,T,) such that: If Lq < C 
then the flow cannot develop a singularity in finite time, i.e. T = 00 . It suffices to choose 
C(E, c/) = — arcsin (c/) but this choice need not be optimal. 

^ ^max 

Remark i) There is an isoperimetric inequality for the case that the initial curve is outside 
of the convex domain G traced out by E and under the condition that co(a) co(b). 
One defines as in Il24l Chapter 4] a multiplicity function i on the union of the disc-type 
domains traced out by the closed curve cq - yo- Using the results in iflOl it can be shown 
that if / = 0 on G (what is true because co(a) 7 ^ CQ{b)) then i e BF(R^) and 

ch |A(co, yo)l < L{co)^, 

where ch - 2n is the isoperimetric constant of the half-circle at a straigth line. This 
implies ^ Since | arcsin < 2, the condition L(co) < —arcsin (c/) implies 

2-0 < —, the condition in Theorem l6.41 
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ii) As the length Lq appears in both sides of the inequality Lq < — arcsin (^ I it makes 

^ ^max y Lq J 

sense to ask if such a condition is satisfiable. But the quotient ^ has no unit, it descibes 
the “shape” of the domain Gq that is traced out by cq and a part of X and that satisfies 
A(Go) = Aq. The condition Lq < — arcsin (^ I then means that the curve cq has to be 

^ ^max y Lq y 

short compared to the term in an appropriate way according to the shape of Go- 

^max 

Proof. The case of a finite type I singularity is ruled out by combining Proposition 13.91 Theo¬ 
rem |3A0] and Theorem 14.161 (notice Lq < C(c/,X) ^ Lq < ^ Lq < with the remark 

above). By Theorem 16.41 a singularity of type II must form at the boundary, i.e. the reflected 
limit flow is fhe “grim reaper” which implies fhaf original limif flow of Proposifion 16.21 foo is 
“half fhe grim reaper” by symmetry, i.e. the curves given hy x = - logcosy -i- r on (-|,0] (if 
the singularity forms near b) or on [0, -|) (if the singularity forms near a). We treat the case 
that I = (- 00 , 5 ], where b > 0, which means that the singularity shows up near b. We have 
koo(5, r) = 1 by symmetry. 

We want to use a similar argument as in the proof of Theorem 16.41 But this only works up 
to a certain point. We get one almost vertical and one almost horizontal tangent line to bound 
the area of the convex domain which comes up in Theorem 15.61 The bound L (ct) < Lq gives 
the second vertical line. One almost horizontal line is still missing. But if the curves are short 
enough with respect to c/, we can also estimate the rest of the area of the convex domain. 

After rotation we are in the situation that “X = R. x (0) and the asymptotic line to half the 
grim reaper is the line in direction of ei with height |. We consider t = 0 and omit the notation 
of T from now on. For e > 0 we choose pi & I such that 

focipi) - (cos^i,sin^i) with(/3i e ( 7 r, 7 r-i- e). 

By local smooth convergence of yj (the rescaled and parametrized curves as in Proposition 16.21) 
to foo we then find joie) € N such fhaf 

Tj{p\) = (cos (fij, sin^j) wifh ipj e + 2e) for all j > jo- 


We also have 


Tj(b) = (cos ip^j, sin (/ 5 °) wifh € (^tt - e,^ 7 : + e) for all j > ji > jo 
because foo( 5 ) = -62- Since Ij = [aj,bj] —> (-00, 5 ] and 

fooib) € “X, (voo(^),”^ y{7oo{b))) ^ 0 

we also have Tj{bj) - (cossin 9?^) wifh e (^tt - 2e, + 2e) for all j > 72 > j\. We 

consider fhe blowdown 

1 

yj ^ Tj-yj + 0) = cC'Af tj)- 

The direcfions of fhe fangenfs have nol changed, only fhe heighf of fhe fangenf line in c(i/^y(p'), Ij) 
over fhe fangent line of X in c{b, tj) is now approximafely 5 ^, see Figured As you can see fhere. 
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Figure 4: The situation in the proof of Theorem 16.51 


the domain Dt, which is the convex domain traced out by tj) and the line segment from 
c{b, tj) to c{a, tj), is divided by Tc{b,tj)^ into two parts. The “upper” part becomes small, when j 
is big because of the height of the asymptotic line. But the part “under” Tc(b,t )^ (within the gray 
triangle) could still be big. To bound the area of this part we introduce the following angles: 


aj := Zr2 

A/ •= 


\c{b, tj) - c{a, tj)\ 
c{b,tj)-c(a,tj) 

\c{b, tj) - c{a, tj)\ 


> 0 , 
> 0 . 


It follows (see also the proof of Theorem [53]) that 


+ A/ = ^T{c{a, tj)), ^f{c{b, tj))) 


nbitj) 5 

I Kdszj’ < (b{tj) — Cl{tj)) /fmax — T^O ^max» 


(34) 


where we used Lq < ^— for the last inequality. Now, we want to get the angles a j,Pj so small, 

^max 

that “the rest” of the domain Dt has small area: Consider the triangle Rj which is given by the 
line segment from c{b, tj) and c{a, tj) and by the angles ^j in c{b, tj) and aj + | in c{a, tj), see 
Figure m We get by a simple calculation (using \c{b, tj) - c(a, tj)\ < Lq) 


A (^Rj) < ^ (Lo cos^j + Lo sm/3j tan(o'y + Pj)) Lq sin^S^- 
= ^Lq sinPj (cosPj + sinPj tan(Q;y + Pj)) . 

We define Tj Dt- \Rj and note A {t^ for j > jj, > 72 , where we used that the “length” 

of T j cannot be bigger then Lq. The estimate Lq < ^— and (1341) imply a j + Pj < ?, 

^ ^max ^ ^max J J ^ 
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which yields tan^ay + (3^ < 1. Therefore, we have for j > 73 


Ao<A(A^)<A(r,) + A(/?,) 

< sin A (cos A + sin^ tan(fr^- +Pj)) 

Hj ^ 

In 2 

< —A + A 


( 35 ) 


By assumption and by the monotonicity of arcsin on [0, there is an 60 > 0 such that Lq < 
— arcsin (c/ - eo)- Inequality (1341) implies that sinA ^ sin (l^/CmaxA) ^ cj-eo- By definition 
of c/ and with (l35T) . we then have 


2n 2 

Aq < + Aq - Tpeo- 


For j > j 4 {eo,L(j) > 73 it follows that ^ < €qLo because of Qj —» 00 , which yields the 
contradiction Aq < Aq. □ 


7. Integral estimates and subconvergence 

In Theorem 16.51 we found conditions under which the maximal time of extistence of our flow 
is infinity. Unfortunately, this does not automatically imply that the curvature is uniformly 
bounded (in C°) in space and in [0, 00 ) because one could imagine a “singularity at infinity”, 
that is max[a 7 ,] |a'(-, t)| —> cxj as t ^ 00 . In order to prove a convergence result we want to use the 
gradient estimates of the graph representation of Stahl Il30l Chapter 7]. But there, the condition 
was a uniform bound on the curvature in space and time, which we do not have a priori. We 
show integral estimates to overcome this problem. 

In this section, we use the following notation: Let / : / —> be a smooth, regular curve and 

w : / —> R a measurable function, then ||>v||p := \w\p d^/j^ denotes the A-norm of w on /. 

Lemma 7.1 (Gagliardo-Nirenberg interpolation inequalities I). Let f \ 1 ^ ^ be a smooth, 
regular curve with finite length L and v : / —> R a smooth function with Jvds - 0, then there is 
a constant c such that 

where n e {0,..., m - 1} and cr — — and c — c{n, m, p, L). 

Proof. See l|5j Theorem 3.70]. □ 

Corollary 7.2 (Gagliardo-Nirenberg interpolation inequalities II). Let f \ I be a smooth, 
regular curve with finite length L and v : / —> R a smooth function, then there are constants c 
and c such that 

mip < c||5'>||^||v||i-'" + f^Wvh, 
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n+j-l 

— 2 p 


where n € {0,... ,m— 1 ) and cr = 

Proof. Consider the function v v - ^ 

Lemma 7.3. Let c : \a, b\ x [0, T) —> 1 


. The constants c and c only depend on n, m, p and L. 

and use Lemma 17771 □ 

^ (T < oo) be a solution o/dH). Then we have for t > 0 


1 ^ 

— j {K-Kfds = 2 [(/C - K)dsKfa 


-2 J (d, 

^(/r - Icf' ds + 3k J'( 


'y 

k) ds 


+ J (/c- /cf ds + 3 k j ~ J'~ 

Proof. We use the evolution equations from Lemma [2751 and integration by parts and get 


t,\2 


2f(.-ir-ds = 2f: 


(k - K)dt{K - /c) d5 - I k{k - Kf d5 


2 - k) (^d^K + - k)j di - 2dtk J"(/c - k) ds - J" k{k - k)^ d^ 


: J'{dspy d^ + 2 J' 


= 2 [(/r - /c)ds/<]a - 2 I (ds/cf d^ + 2 I /c"^(/c - k)^ d^ - I /c(/c - Kf d^. 


y 


Now, we write 


k(k - Kyds 


K - k)^ ds = J' k^Ik - Ky ds - k J' k{k - Ky ds + k J' 


and, with the same trick. 



A'(/c' - /cy d^ = - 


Ji^-kfds-k J 


(a- - /(-y di'. 


Together with the calculation above we get the result. 


□ 


Corollary 7.4. Let c : [a, x [0, T) be a solution o/® with |k(t)| < C 2 < oo uniformly in 
t. Then there are constants Ci, C 2 , C 3 , depending only on C 2 and Lq such that for every t > Owe 
have 


— 

dt 


f 


(a - /cy ds < C\ 



+C 2 IJ (/c-kydsY +C 3 J (/c- 


Ky ds 


Proof. Due to Lemma l2.12l we have for f > 0 

[(a - k)dsKfa = -«b) - ky ^Ko^fo c{b) - (K{a) - k)^ ^Ko^fo c(a) < 0. 


We only have to handle the integrals f(/c- /cf d^ and f(/c - /cf d^ from the previous lemma. By 
Lemma 17771 and by the Young inequality we have 

Ik - k||4 < c||( 9 ,A|| 2 lk - k||2 < ]^\dsK\\l + c|k - k||2 

Ik - k||3 < c\\dsK\\l Ik - k||2^ < ^|| 5 ^a ||2 + c|k - k||2^ , 

which implies the result with constants also depending on Lq. □ 
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Corollary 7.5. Let c : [a, b] x [0, oo) 


be a solution o/@ with l/cl < C 2 < then 




kY ds ^0 (t 


=)■ 


Proof. The proof works as in ll27l Section 8 ]: We argue by contradiction. We assume there is a 
sequence fy —> oo and a d > 0 such that f(/( - nf ds\t=tj > d > 0 for all j € N. By Corollary I7.4[ 

we get ^ J(/c - d^ < (l + J(/c - k)^ d^^ with a constant only depending on C 2 and Lq. With 


f{t) /(/<■- xf di we have 


We integrate from t < tj to tj and get 


1 


dt\(l+/(t ))2 


< c. 


(!+/(?)) 


^ < C{tj - t) + 77 -^ and thus 


(iW 


(i+/(or > 


1 


+ ( 1 + 5)2 

Then we find an e > 0 small and not depending on j such that for all t € [tj - e, fy] 


J 


{k- Kf As = fit) > 


(36) 


But on the other hand we have that ^T(Cf) = - f(x-/<)^ d^ and therefore f(x-/<)^ d^df < Lq, 
which contradicts ( 1 ^ . □ 

(T < oo) be a solution o/®. For a fix t > 0 we define 


Lemma 7.6. Let c : [a, b) x [0, T) 
\= t — T. Then we have for t > 0 


^ |yu J "{dsxf j ^ J "{dsxf ds + - 2// J"i 


(d^/r)^ ds 




+ 5/r I {dsx) k{k - K)ds + 1^1 ( k {dsx) ds. 
Proof. With the evolution equation from Lemma 1231 we get (note = 1) 


{dsK)^K{K - k) di 


^ J "{dsxf d^j ^ J" {dsxf ds + ljuJ' d^x dtd^x ds -/u J'^ 

= J'(dsx)^ di + 2 jU f dsX {dsdtX + x{k - x)dsx) As - J'{dsX)^x{K - x) di 
= J'(dsx)^ ds + 2ju J' dsX dsid^^x + k^{k- k)) d^ 


■f 


+ 2ju I {dsXfxiK - x) di 


-J 


{dsxyxiK - x) di 


J'(d,x)^ ds + 2juJ' 


= (dsx)^ds + 2ju I dsxd^xds + 2ju I d^x (2KdsX (/c -/c) + K^d^x) ds 


+ 2/r I {dsXfxiK - K)ds - I {dsXfxiK - k) d 5 


'J 

J'{dsxf ds + 2jjJ' 




/■ 




/< 


= I (dsx)"^ ds + 2ju I dsxd^xds + 5/j I (dsx)"^x(x - a-) ds + 2 /j I (dsX)^A-^ ds. 
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Integration by parts for the second integral yields the result. 


□ 


In the next step, we want to have a similar formula as above also for the time-derivative of 
the L^-norm of the higher space-derivatives. It is useful to introduce some notation, which we 
learned in ETll . 

Notations For j, cr e Nq we denote by pa-idiK) a polynomial in /r, ..., d^K with constant coeffi¬ 
cients such that every monomial that is contained in pa-{diK) is of the form 

j j 

c {d\i^ ' with ^ ai{l -i- 1) = cr, a; e Nq. 

1=0 1=0 

We use the same notation, if somewhere in the zero-order term arises (x - k) instead of k. That 
means k(k - K)^d^K = p(,(d^K) for example. 

We also use this notation for the time derivative, but we want to respect the parabolicity of our 
equations. Let cr, j, h € Nq. We denote by pcridj(K - k), B'Ik) a polynomial in (/c - x),..., dl{K - k) 
and {k - k), dsK, ..., with constant coefficients such that every monomial that is contained in 
Po-idj{K - k), is of the form 

j h j h 

c (5j(/c - x))“'• ]~[ with ^ a/(2/-l-1)-I--I-1) ^ cr, a/€ Nq. 

/=0 1=0 1=0 1=0 

This is consistent with the notation above because pa-id^iK - k), d’^K) = pa-id'lK). In general, one 
can prove 

d[pa{di{K - k), d^,K) = Pa+2l{di^\K - k), 

Lemma 7.7. With the previous notation we have for ni € Nq 

dtdfK ^ + p„,+3(5'». 

Proof. For m = 0 we have dfK = d^K + k^{k -k) = d^K + P 3 {k). For m > 1 we proof the claim by 
induction. We have by the rule for exchanging 5, and ds 

- dtd,dfK = dAdfK + k{k - k)dT^K 

- ds (dT^K + P,„+3(5'») + PmvAidT^K) 

= dT^K+p^^,{!f:^\), 

which is the claim for m -i- 1. In the second line we used the induction hypotheses and in the 
third line we used dsPa-idiK) = pcr+iidl^^ k), which is true because by differentiating we lower 
the order ai by one and increase a/+i by one. This has to be done for every Z e {0,..., j). In the 
sum we always get cr-I-1. □ 
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Lemma 7.8. Let c : \a, b\ x [0, 7") —> fL < oo) be a solution o/@. For a fix t > Owe define 

\= t — T. Then we have for t > 0 and m € No 

s (s J ''*) = 0^ /" It ^ 

+ M”' J P2m+4 {dfK) ds. 

Proof. We use the previous lemma and integration by parts and get 

f(dyfic(K-K)ds 

m\ J 

+ 2^ J df/(p,„+3(df/()ds + /u'’'J P2m+4(5»d5 

= ^ ^ <i» 

+ /I™ J" P2m+4 (5'» d5. 

□ 

We want to get a bound on ||5 ^a:|| 2 at least for Z = 1. When we differentiate in t we get 

boundary terms via integration by parts. Precisely, terms like d^f^Kia, t) and d^f^K{b, t) occur on 
the right hand side. We saw in Lemma [2.12l that we can express dsK at the boundary in terms of 
{k - k) and ^k\ 

dsK{a, t) = {K{a, t) - K{t)) (^/“^(c(a, Z))) and 

(37) 

dXb,t) = -{K{b,f) - K{f))^Ki^f~\c{b,t))). 

This also works for I bigger: We can express the (Z + l)-th derivative of k at the boundary by the 
Z-th derivative at the boundary times something like di^K, which is uniformly bounded because S 
is smooth and fixed. Unfortunately, this only works for Z even. We use the Gagliardo-Nirenberg 
interpolation inequalities and the Young inequality to absorb the Z-the derivative of k at the 
boundary. We do the calculations for Z = 2. At first, we need a formula for d^^K at the boundary. 

Lemma 7.9. Let c : {a,b^ x [0, T) —> R^ (T < oo) be a solution o/®. For any t € (0, T) we 
have at the point (a, t) 

d]K = {d]K - 3 k{k - Kf - dfK) (^/r o ^/-i o c) + (/r - Icf (ds^K o o c), 
and at the point (b, t) 

d]K = -{d^K - 3 k{k - Hf - dtic) p/r o o c) + (/r - o ^/-i o c). 
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Proof. We differentiate (ITTI) in t. Let be the periodic extension of ^/. Since c{a, t) = 

'it e [0, T) (Lemma ITSl) we have dtc{a, t) = {d^ f){a{t))dta{t) and thus 

{dtc{a, t), dp^f{a{t))) ^ dta{t)\dp^f{a{t))f ^ d,a{t), 

where we used that is parametrized by arclength. We have that dp^f{a{t)) = ^f (^/(a(0)) - 
^f{c{a, t)). We now use the equation dtC = (k- k)v for the boundary points 

dta{t) = {dtc{a, t), ^f{c(a, t))) = {K{a, t) - (v(a, t), ^f{c(a, t))) = K{a, t) - 


We hence get 


—^K o^f ^ o c{a, t) = {K{a, t) - K{t)) ds^K o ' o c{a, t). 
at 


(38) 


We now differentiate (ITTI) . use (l?S]) . the evoiution equation for k (equation (fTTll f. the ruie for 
changing ds and 5, (equation ([U)) and get at the point (a, t) 

d]K ={dlK + k^{k -k)- dfK) p/r o o c) 

+ (/c - 'kf' {d^K o o c) - 3k{k - k) dsK - K^d^K, 

and at the point {b, t) 

d]K = - {d^K + k^{k -k)- dtk) o ^/-i o c) 

(/c - kf- [d^K o o - 3k{k - k) dsK - K^d^K. 


+ i 


Formuia (1371) yields the result. 

Lemma 7.10. Let c : [a, x [0, T) 
t € (0, T) and with ^ := t - t, t fixed, 


(T < oo) be a solution o/®. Then we have for 




{k - Kf + txidsKf + ds 




{BskY + + P^IS^kY ds 


a 2 .1 . o,. 2 im 2 . 


+ 4fl\\d,K\U\diK\\oo + 2fi^\\diK\U\diK\\o, 

+ J' p4(/<) + ppeidsK) + p^psid^K) ds. 


Proof. By Lemma we get 


Kf 


(k - kY + pid^KY + ^{d]KY ds 


= - J'{dsPY + pidi^KY + p^id^s^^Y d^ + 2 [(/r - KddsK^i + ^P 


pYk) + ppYdsK) + p'^psid^K) d5. 


As in Corollary 17 .4 1 we have [(x - K)dsKYa < 0. 
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Remark We note here, that the idea to differentiate the term 

J'f/c - iif + + ^{dlKf ds 

in t and use the Gagliardo-Nirenberg interpolation inequalities comes from ETll . 


Lemma 7.11, Let c : \a,b\ x [0, T) —» fr < oo) be a solution o/@ with uniform bounds 

|^(t)| < C 2 < oo and L{ct) > c\ > Ofor all t e [0, T). Then we have for j e Nq.' For every e > 0 
there are constants Ci, C 2 only depending on e, j, Lq, c\ and C2 such that for all t e (0, T) we 
have 

\2;+3 

{K-'kf'ds^ + C 2 . 

Proof The proof works as in ETl After Proposition 3.11], we only have to substitute the zero 
order term Khy k - k. The Gagliardo-Nirenberg interpolation inequalities are used, thus the 
constants depend on the bounds on L{ct). Since we possibly transform an integral involving k‘ 
as a factor of the integrand into an integral with {k - Iff as an factor in the integrand, we use the 
bound on |k|. □ 


J' P2j+4{diK) ds < € J \di'*'^Kf-ds + Ci^J- 


Lemma 7.12. Let c : [a, ^]x[0, 00 ) be a solution of with |k(t)| < C 2 < 0 ° and L{ct) > ci > 0 
for all t € [0, oo). Then for every e > 0 there are constants Ci, C 2 only depending on e, Lq, ci, 
C 2 , ll^/<'lloo and IIa" - k ||2 (which is uniformly bounded cf Corollarv \7.5\l such that for all t € (0, 00 ) 
we have 


P 



< ep^\\dlK\\j + eplld^KWl + Cip + C 2 . 


(39) 


Furthermore, there is a constant C 3 depending on e, Lq, c\, C2, lk - k\\2 and ||^/f||oo + ll^i^/clloo 
such that 


P 




< ^p^wIkwi + C3P 


(40) 


where p = t - t, t fixed. 


Proof We use H/c - k \\2 < C and ||/c -||2 < C. By Lemma 17711 and Corollary 17.21 we get ||/c- - a'IU < 

1 i i 

c||5^/c||| and IISJa-Hoo < -i-c|| 5 ^/c|| 2 . These two inequalities imply together with (1371) 

and the young inequality 




< Cp\\K - /c||o 






^ c|yU 3+ 5 11 ^ 3^111 1153,^11 e 1152 ^ 112 ! 

< 2ep'^\\dlK\\l + c{e)p^\\dlK\\^ + c{e)p^\\d^,K\\f 

< 2ep^\\dlK\\l + 2ep\\d^,K\\l + cie)(^p^'~5 

< 2ep^\\dlK\\l + 2e/i||5^A:||2 c{e)p + c{e), 
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and this is (l39]) . For (|4^ . we show 


< e|| 5 ^A :||2 + Cl - Due to Lemma l7!9l we have 




< 2||5?/r|U||53^|U 

< c ||5j/r|U(||55Af||oo + lk(/r - /i)^||oo + |^/i| + Ik - 


(41) 


where c also depends on |k/c||oo + ||5i^/c||oo- We use Lemma I tTT] and Corollary 17.21 and get 


Ik-^lloo <c||53^II|, 


y^/v||2 , 
q3 ,j| 2 


< c||5^a-|| ® + C, 




l|5.^l|oo <c||5^^|||, l|5^^l|oo < c||5^^||2^ 


We compute 


d? L{ct 

j P 

2 ^(Cf) Ja 


/(ds 


d _ _ _J _d 

■ -f) dt X 

dt/c di' + 


F(c, 

1 




di + 


1 

d 

L(Ci)2 

dt 

1 I 

r 

Lie,) j 

1 j 

a 

K 

r, 


L(ct) r 

Ja 


/cd^ 


(d^) + 


L{c. 


-f‘ 

.) X 


(a- - /cr di' 


L(ct 


k)^ di 


UCt) 


[dsKfa + 


Lie,) 


pb 

I {k - k)^ di. 
Ja 


^ _ 

This implies < cll^iA-Hoo+c < cH^^/rlll +c. We combine (BTT) and the interpolation inequalities 
above and get 




< Cl (ll^^^lll + 


All the exponents are smaller then 2, so by the Young inequality, we get the result. □ 

Lemma 7.13. Let c : [a, b\ x [0, oo) be a solution of dH) with k(0l < C 2 < oo and 

Lie,) > Cl > 0/or all t € [0, oo). Then there is a constant C > 0 such that for all t e (0, oo) we 
have 

^ if + Y^d^K)^ ds^ < C(n^ + fi + 1) 

where ju = t - t, t fixed. The constant depends on ci, C 2 , Lq, |k - ^Ib and ik/cHoo + ||£li^A'||oo. 

Proof. Combine Lemma r/.lOl Lemma lV.lll and Lemma l7.12l □ 

Corollary 7.14. Let c : \a,b) x [ 0 , oo) ^ be a solution o/® with k(0l < C 2 < oo and 
Lie,) > Cl > 0/or all t e [0, oo). Then there is a constant C > 0 depending on ci,C 2 , Lq, |k - l <\\2 
and II^A-lloo + IlSi^/cIloo such that for all t € [ 1 , oo) we have 

Ikiloo + ||<9iA:||oo < c. 
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Proof. The proof is analogous to that of 11261 Proposition 4.8]: Consider any sequence t/ —> cxj 
and define fi := t - ti. With the previous lemma, we get 


t(/'- 


Kf + + ^(dlKf ds\<CQi^ +IJ + 1). 


Integration from f/ untill t e {tiJi + 26] (d > 0 arbitrary) yields 

,2 


xf + Pidsxf + 


di < ^^\t=ti + c (d^ + + d) < c + d + l). 


Considering t € [ti + d, h + 2d], we have 


J(.-, 




Kf + ii{d,KY + ^{B^kY As 


,2 , P_rfP.,\2. 
2 


kY + S{B,kY + —{B^kY As < 

< c(d^ + d2 + d+ l). 

It follows for t €{ti + d, ti + 2d] that 

Ik - i <\\2 + ll<5^Af||2 + \\BIk \\2 < c(d). 

The constant d was arbitrary and the estimate above holds for any sequence t/ —> oo. So we 
choose ti and d such that for every t € [l,cx3) we have t e [ti + 6,ti + 2d] for an Z € N. For 
f € [1, oo], it follows that 

Ik-^Il2 +115.^112 + I|5?^ll2<c. 

The integral J d^ is bounded because of Corollary 17.51 and the bounds on k. We get the result 
by interpolation. □ 

Theorem 7.15. Let c : [a, b] x [0, oo) be a solution of the area preserving curve shortening 
problem with Neumann free boundary conditions with 


0 < c < k( 0 l < C2 < oo and L{ct) > ci > 0 for all t e [0, oo). 


Then for every sequence tj —> oo the curves c {-, tj) subconverge (after reparametrization) smooth¬ 
ly to a (possibly multiply covered) arc of a circle. The two boundary points of this arc are in S 
and the arc is perpendicular to S at these points. The arc “starts” into the outer region with 
respect to X, and it meets Hfrom the outside at the “endpoint”. 

Proof. For any sequence ti ^ oo, reparametrize the curves c{-,ti) by constant speed: Define 
Li \= L(cji) and note L/ € [ci, Lq]. Define (pfp) fj’ |c'(-, r/)| and denote the inverse function 
by i/r; : [0,1] ^ [a,b]. Define 

yi ■.= cift, •) : [0,1] X [0, oo) ^ R^. 

Then we have ly^'l = Li at the times t/. By Corollary 17. 141 we have 

sup \fciip, t)\ < C 

(p,r)€[0,l]x[l,oo) 
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Figure 5: The situation in the limit: The domain G (gray), where the support curve is contained. 


for a constant not depending on 1. As in Proposition 14.71 we get a constant c depending on 
m, S, C, Cl, Lo and 6 such that 


IdpYil < c on [0,1] X + d]. 

It is easy to find t/ —> oo and d > 0 such that ti + 5) = [1, oo). It follows that 

lOpYil < c on [0,1] X [1, oo). (42) 

For every sequence t/ —> oo we consider y/(-, ti). By inequality (1421) and the theorem of Arzela- 
Ascoli we have subconvergence to a smooth curve joo '■ [0,1] ^ in every C"* on [0,1], 
m e Nq. This implies 


_ _ f ^yi _ _ 

lim K{ti) = lim Kiyi) = lim — -= K{yoo) e [c,C2]. 

1^00 l-^CXi I-^OO I 


It follows that 


lim 

l—^OO 


/< 


{Ky, - KiycoU di. 


71 




lim {Ky, - K{yi)f dsy, ^ 0, 


which implies Ky^ = iciyoo) > 0. Thus, yoo is an arc of a circle. Since Z is closed, the points 
yoo(O) = lim/^oo c{a, ti) and yoo(l) = lim/^oo c{b, ti) lie on E. The facts about the contact angles 
follow from continuity. □ 


Remark In the proof of the previous theorem, one could have used the estimates on the higher 
derivatives of k as in Lemma IAT21 instead of the estimates that came from the graph representa¬ 
tion. 


Proof of Theorem [7771 Theorem |63] gives T - oo. The bounds on k and L{ci) can be found in 
Proposition 13.91 and Theorem 13. 101 By Theorem l3.71 we have f Kds e [tt, l/r) for all t e [0, cxj). 
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It follows that JKco e [tt, Itt]. But JKoo d^y^ = Itt would imply that y^o is a full circle. This 

is a contradiction to the boundary behaviour of yoo- Hence, jco is embedded. 

It is easy to see that yoo is outside of the domain created by E: The tangent ry^(o)E is perpendic¬ 
ular to the tangent line of yoo(O). We even know 

('rr,»( 0 ),^T(yoo( 0 ))) ^ ^ and Zr 2 (Ty„(l), ^T(yoo(l))) ^ 

Since a smooth convex domain always lies on the side of the half space created by the tangent 
line that goes into the direction of the inner normal, we get a domain G, where S must be 
contained. In Figure |5j this domain is colored in gray. Since we are in the special situation that 
yoo is a part of a circle, the two generating lines of this domain (namely ry_^(o)E and ry^(i)E) 
meet in the center of the circle. But this implies that there cannot be another intersection point 
of yoo with E except the two boundary points. 


A. Further calculations 


Lemma A.l (due to Stone 1331). Let c : \a, b\ x [0, T) be a solution of the area preserving 
curve shortening problem with Neumann free boundary conditions with singularity at T < oa, 
where xq € E is a blowup point in the support curve. Assume further |k| < C 2 < oo. After 
parabolic rescaling as in Definition \4.6\ and with the notation Nj '.= Cj{-, r) we have the following 
properties: 

i) For any r e (- 00 ,0) there is a jo - JqIt, T) € N and a constant 
C 3 = Cjir, L{co), C 2 , T) such that for all j > jo 

r _Ji , A 
j e dsr < C 3 . 

J-c^ 

ii) For any r e {—oa, 0) and e > 0 there is a jo = 7o(t T) € N and a radius 
Rq - Ro{t, e, L{co), C 2 , T) such that for all j > jo 

r ,~ 

I e dSr < e. 


Proof The proof is almost the same as the original proof of Stone. It only has to be adapted to 
our flow equation. Indeed, the crucial part of the proof is the inequality 


d 

dr 




dJ^. 


with g{x,T) J — e - 2 t. Buckland’s expansion formula (ITJ Proposition 2.3]) can be used to 

V~4;rT 

derive this inequality (since this lemma can be done for arbitrary dimension, we use the notation 
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for surfaces): For functions /,g : [/ x [ti,T2) —> 1 . sufficiently smooth, where M-^ <z U <z 
Vr e [ti, T2), and g > 0 we have 


dr 




D^g 

g 



+ 


+ 


+ 



dflr 


where ji is the outer unit conormal to dM^ and 2 (g) = || + div^ Dg + . We use this 

formula for f - fj, g - and M-^ = In this situation we have = -{k - k)v and 

div^^ ^ - {{k- k)v, -kv) = -k{k - ^)|1 We omit the index j in the calculations, which yield 


Dg = g 

D^g 


2t\x\ 

.± 


g 

.- L „|2 


\D^g\ 


^ g 


2t\x\ 


4 t^\x\^ 
1 


dg 


div^.Og ^ g 


l-^l 

2t 2 t^ 

.T|2 


^T|2 


1 


+ 


2t|xP dr^lxp 2t\x\ 


Q{g) = g 




v-T|2 


\4t2 2t 
{x, v) 


+ 


1 


2t|xP 2t\x\ 


<DS, I -/?) = «. 

-< 9 dx _ 

\H\ +diXg^^—=KK 


\H- 


' dr 
D^ga 


= k + 


{x, v) |2 
2t|x| 



^Since the calculations can also be done for the case n>2 with codimension one, the “outer unit normal“ v = -v 
were used. This is just a matter of notation. 
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Therefore, we get 



■/ 


+ / 


+ 


+ / 


K + 


{x, v) |2 
2t\x\ 


1 




/ 

JMr 

2t 2t|;cP 2t|;k:| 2t2 

r g-^/d?r 

Jm, dr 

r 

JsM, -2r|;c| 


l-^l _ 


d?T- 


,//>dcrr, 


where integration over dMr - {Cy(d), Cy(^)) of if/ with respect to dcf^ means tf/{b) - if/{a). By 
convexity of E we get dd'r < 0 as in the proof of Proposition 14.91 We use 

-a^ + Ka = - ^(a - k)^ + to get 


d 

dr 




1| (X,V)|2 

V 1t\x\ ' 



{x, y ) |2 ^ o 

2t\x\ ' 2 


+ 


4t2 


1 

2 t 


^T \2 


1 


+ 


- 


- — uc - 


{x, v ) |2 1 

2t|x| 




2 t|xP 2t\x\ 
{x, v >|2 


l-^l 

2 t 2 




1 


8 \l 


2 

|X| I dflr 


2t|x| 


4t2 


1 

2 t 


Ul 

2 t^ 


dflr 


Lemma A.2. Let c : [a, Z?] x [0, oo) be a solution of the area preserving curve shortening 
flow with Neumann free boundary conditions. Under the conditions L{ct) > ci > 0 and |/c(t)| < 

m 

C 2 < oo Vt € [0, oo) there is a constant c = c{m, ci,C 2 , Lq, Ha- - 1 <\\2, ll^/rHoo,^ a-||oo) such that 


Ikllco + ||5,^||oo + • • • + \\df-^K\U < C 


Proof The proof is based on the approach of Lemma 17.131 for higher derivatives. Due to 
Lemma 123] and |7TTJ we have for ni = 2k, k € No, 

^ if + • • • + d^j 

1 Ifl 

< I (d.Kf + p{dW + ■■■ + d^ (43) 

2 J m\ 

+ 2 p [d,Kd]K^^ + • • • + 2 ^ + c(p’”+ /r'”-' + • • • + /I + l) , 

so that the only problem is to get an estimate of the boundary terms. Since m + 1 is odd, we 
have a formula for at the boundary in terms of at the boundary and in terms of d^^K. 
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Namely, one can proof by induction (as in Lemma l7!9l) : We have at the point (a, t) for n odd 


d'lK = (k - k)^k o^f ^ o c 

+ Pn-I d/-K o^f-^ oc 

+ Pn-2 df-K o o c 

+ . . . 

+ {k- 8/ O O C 

+ Pn+\{d1~^K,dj^ \K-k)) 

and at the point {b, t) 

{k --K)^KO^f-^ OC 

+ Pn-\ - /i)j d,^K O o C 

+ Pn-2 (df - ^{k - /i)j o o C 

+ ... 

+ Ps^+2 (dt{K - k)) 57" o o c 
+ + + l df\ o^f-^oc 

+ Pn+l{d'r^K, 57 ^- k)). 

When we use these formulas for n = m + 1 and 8^ k - Pm+i (5/ k, 8f/(] then we see that the 
highest order of the derivatives of ic is the order m. 

Now, one can use the Gagliardo-Nirenberg inequalities as in Lemma lV. 12l to estimate the bound¬ 
ary terms in (1431) by ”good“ small terms (which can be absorbed) and by c(jj."‘+p''^~^ -\ -t/n-1). 

That implies 

— {k - k)^ + p{ 8 sk)^+ ^(5^/r)^ - 1 - • • • - 1 - ' - 1 - • • • - 1 - /i - 1 - 1 ^. 

Then the proof of Corollary 17 .1 41 can be used to get for even m and for all t € [1, 00 ) 

Ikiloo + ||5,^||oo + • • • + ll^r^lloo < C(m). 

□ 
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